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ON THE REPRESENTATION OF A QUADRATIC 
FORM AS A SUM OF SQUARES OF LINEAR FORMS 


By CHAO KO (Manchester) 
[Received 13 October 1936] 


1. LET Ay; X;,X; (Ay; = A;), 
i,j=1 
where a;; are given integers, be a positive-definite form. There are 
many interesting problems connected with the representation of 
v,) in the form 


Hl %p) = Ont t-+bin Za) (1) 


where the b’s are numbers of a particular kind. We may ask if such 
a representation is possible, or again what is the smallest value of 
r,, say R,, such that every definite form /(2,,...,2,) can be so 
represented. 

Thus, if the b’s are rational numbers, Landau* first proved that for 
n = 2, a representation (1) exists when r, = 5; and Mordell? proved 
that, for any given n, a representation (1) exists when r, = n+3, 
and proved that R, = 5, leaving unsettled the value of R, when 
n > 2. 

Suppose next that the b’s are integers. Mordell provedt that 
R, = 5, and conjectured § that R,, = n+3. The well-known theorem 
that every positive integer is the sum of four integer squares can be 
stated as R, = 4. 

The other problem is that of representation for given m and given 
r,, < R,,. Mordell has given|| the conditions for n = 2, r, = 2, 3, 4, 
these being the same whether the b’s are rational numbers or integers. 
I shall give in § 3 a new proof for his theorem when n = 2, r, = 4. 

All these problems can be still further generalized by replacing 


(1) by the representation** 


8n 


f(®,--+5 Ly) _— > milbar 2+... +5; 1), 


* Landau, Archiv der Math. und Physik (3), 7 (1904), 271-7. 
+ Mordell (1), Math. Zeits. 35 (1932), 1-15. 
t Mordell (2), Quart. J. of Math. (Oxford) 1 (1930), 276-88. 
§ Ibid. 282. See also § 6. 
Mordell (1). Mordell (2), 279. Mordell, J. fiir Math. 167 (1931), 12-19. 
Recently he found a new proof for the case n = 2,7, = 4 by using quaternions. 
** Mordell (2), 288. 


3695.8 




















82 CHAO KO 


where the m; are rational numbers or integers, and f(2,,...,x,) is 
a general quadratic form i.e. not necessary positive-definite. For 
n = 2, the b’s integers, and s, = 2, 3, 4, 5, I gave* the necessary and 
sufficient conditions for the RR n (2) to exist for each of the 
possible combinations m; = +1. 

When the b’s are rational, I have found a short proof for the 
theorem R,, < n+3 by using the result R, = 5. When the b’s are 
integers, I prove that R; = 8 (and consequently R, = 7, R, = 6, 
R, = 5) by using a suggestion from Professor Mordell about the method 
of attack. The proof depends upon expressing f(x,,...,7;) as the part 
arising from a definite properly-primitive quadratic form f(z,,..., 7) 
with determinant unity on putting x, = x, = 2, = 0. Since there 
is only one class of properly-primitive definite forms in eight variables 
with determinant unity (as will be proved in § 4), f(2,,...,%,) can be 
written as a sum of eight linear squares, and hence the result. 

2. I now prove that R, < +3, where the b’s are rational. For 
n = 3, by Meyer’s theorem,t 

f (21, 2%, %3) = u?+v? 
is always solvable in integers 2,, 2, %3, u, v. Hence, by applying a 
unitary transformation, we can suppose a,, = aj+a3. Then 
(Aj +43) f(xy, Xp, %3) = (Ayy Xp +42 Xo+-Ay3 Xp)? +-H(Xo, Xs), 
where 4(x,, x3) is a positive-definite quadratic form and so is a sum 
of five linear squares, since R, = 5. Hence 
6 
(aj+45) f(x, Xa, X3) = > Li, 
i=1 
where the L’s are linear forms in 2,, x), x3, and so 
f (1, La, %3) = (a, Ly +a, L,)?/az,+ (a, L,—a, L,)?/ajy+...+ 
+(a, L,+a, L,)?/aj,+ (a, L,—a, L;)?/a}. 


For n > 3, by Meyer’s theorem, 


a r.) = 0° 
is solvable in integers and so we can assume @,, = a”. Then 
FS (aq, 2005 %_) = [(Gq, Fy AOyy Lot... +Ayy Z_)?+(2o,..-, Lp) |/a”, 


* Ko, Proc. London Math. Soc. 42 (1936), 171-85. 

+ Mordell, J. fiir Math. 164 (1931), 49, or Bachmann (1), Zahlentheorie, 
vol. 4, part 1, 266. I have also found a new proof by expressing the indefinite 
form in five variables as a part of an indefinite form in seven variables with 
determinant unity. 
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where ¢ is a positive-definite quadratic form in n—1 variables. Hence 
by induction we obtain the result. 

3. L illustrate my method by proving the theorem due to Mordell.* 
THEOREM 1. A representation of the positive-definite form f(x,, 2) as 
F(X) = (041% +042 Xp)? +... + (Og, X41 +049 Xo)", (3) 
where the b’s are integers, exists if and only if 
D, = 44, Agg—Z, # 4°(87—1), 
where p (> 0), r (> 0) are integers. 


The condition is necessary since Mordell has shown that, if a 


representation (3) exists, we have 


4 4 
% = 2 Pin 73 = 2 Pin Pies 
i i= 


and 
4 , 4 \ 4 2 
D, = ( > 64)( > 62)—( > bis bis) 
1 i=1 i=1 


(61, 522 —b 9; 542 —D 3; b42—D 43 539)? + 
+ (B41 bg2—B oq bgp +051 692—O 41 O42)? + (O41 O32 +521 O42—b 31 b42—5 4) bo9)?, 
i.e. D, is a sum of three squares and hence D, ¢ 4°(87—1). 
It is enough to prove the sufficiency of the theorem for primitive 


forms, i.€. (441,419,422) = 1. For if 


4 
(G1, rq) Seg) = 8 = > 5}, 
i= 


4 
and flap, 2%) /§ = > L;*, 
1 


where the L’’s are linear forms, then, by Euler’s theorem, 
4 9 4 9 
flay, %) = 3 88S L? 
: h = 


can be expressed as a sum of four linear squares. Also D, = 8A, 
and so D, = 4°(87—1) if and only if A has the same form. 

[ prove the sufficiency of the condition by using 

LEMMA 1, Let — f(a ,%q) = Gy 7+ 2049 % %y+Agq XZ 
be a positive-definite primitive form. If D,4~ 0, 4, 7 (mod 8), then 
there exist integers Agg, Az4, U4, such that the quaternary form 

Ja = f(y, Xa) + xy Hy +-Agg L3+ 2Wgy Ly Ly Agy VG 

is a positive-definite form with determinant unity. 


* Mordell (2), 279. 











84 . CHAO KO 


For this means that 


Gy, Ay. O ] 
0 0 


2 ui 
0 O 33 Az4 


Ayo Aas 
12 2 ie 1, 


1 QO GAgy gy 

whence a3, Dy +1 = 33(d4, D.—g9). (4) 
Since the form f(z,,2,) is primitive, we can, on replacing it by an 
equivalent form, suppose (d,D,) = 1*. Then, by Dirichlet’s 
theorem,} there exist for variable integers a,, infinitely many primes 
p or 2p of the form a4, D,—d,.. We show that (4) is solvable by 
selecting a,, so that a4, D,—a,. = p or 2p, where p is an odd positive 
prime, and (—D,/p)= 1, the symbol being that of quadratic 
residuacity. 

Suppose first D, = 1 (mod 4). Take a4, D,—dy. = p. Then 

(—D,|p) = (—1)#®-®(p/D,) = (—1)#®-®(—dag9/ Dy). 
Since a, = 1+a,. or 3+a,. (mod4) make p= 1 or 3 (mod 4) 
respectively, we can always make (—D,/p) = 1 by suitable choice 
Of G44. 

Suppose next D, = 3(mod 8). If (—a,./D,) = 1, take a4, D,—a,. = p, 
and we have (— D,/p) = (—4./D,) = 1. If (—a,./D,) = —1, we take 
Ay, D,—A. = 2p; then (2/D,) = —1 and so 

(—D,/p) = —(p/D,)(2/D,) = —(2p/D,) = —(—49/D,) = 1. 

Hence we can always make (— D,/p) = 1. 

Finally, suppose D, = 2D,, D, = 1 (mod 2). Setting 

yy D,—Ay9 = Pp, 
we have (—D,/p) = (2/p)(—D3/p). 
But (2/p) = (—1)”*-D8, 
(—D; ‘p) (—1)8-DAPi+D(/ D5) (—1)#@-D1Pi+0(—a,,/D3), 

and so (—D, p) — (—1)@*-DI8-Hp XP: +D/A(— ayy Ds). 
Choose p = 1 (mod8), when (—a,,/D3;) = 1; and p = 5 (mod8), 
when (—4d,./D;) = —1. Then always (—D,/p) = 1. Hence (4) is 
solvable in d35, G34, Aq. 


* Dickson, Studies in the theory of numbers, 8, § 5. 
+ Landau (1), Vorlesungen iiber Zahlentheorie, Satz 155. 
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Denote by D,, D,,..., D, the determinants of f(x), f(x, 2»),..., 
x,), where f(x,,...,2;) is obtained by putting 
U4, =. = 2, = 0 
»)- It is known that 
f(xy,...5%,) = D,X{+ D,X3/D,+...+ D, X2/D,_,, 
where X,,..., X,, are rational linear forms in 2,,..., z,,, and so f(x,,..., Z,) 
is definite and positive if D, > 0,..., D, > 0. 

Now D, = a4, Dz = 44, 49,—aj2, D; = a3; D,, Dy = 1 in g,. Hence 
J, is positive-definite if a,, > 0, for, by hypothesis, f(x,, 2.) is positive- 
definite and so a,, > 0, @,;4,.—aj, > 0. Since p or 2p is positive, it 
is clear from (4) that a,, > 0. Hence the lemma is established. 

Now we can prove the sufficiency of the condition of Theorem 1. 
For, by Lemma 1, if D, 4 0, 4, 7 (mod 8), there exist integers a3, d34, 
444, such that g, is a positive-definite form with determinant unity. 
Since the class number of a positive-definite quadratic form in four 


variables with determinant unity is one,* we have 
4 
2 ° Dn «+ -! | 9 ss 2 
f(y, €q) + 2a Xy+- Ogg H3+ 2gy yg Xy+-Ayy ey = 2 Ui , 


where the L”’s are linear forms in 2, 2%, 3, %,. Putting 7, = x, = 0, 
we obtain a representation (3) of the form f(x,, x). 

The case D, = 0 (mod 4) but D, ~ 4°(87—1) can be reduced to the 
previous one. For then a,, is odd, since we can assume (D,,@ 9) = 1. 
By replacing x, by x,.+ax,, we can make a,, even, and so a, is even. 
If a,, = 0 (mod 4), we should have D, ~ 0 (mod 4). Hence a,, = 0 
(mod 4), and the transformation 27, = y,, x. = y, carries f into a 
primitive form with determinant D,/4 ~ 4°(87—1). 


4. The proof of R; = 8 requires the following lemmas: 


Lemma 2. All the properly-primitive quadratic forms in eight vari- 


8 
ables with determinant unity are equivalent to > 3.7 
i= 


The minimum of a quadratic form f, in eight variables with deter- 
minant unity is 1 or 2.{ If f, represents 1, then f, ~ 2?+-f,, where f, is 


* Bachmann (1), vol. 4, part 2, 355-7. 

+ At the same time Mordell proved that there are exactly two classes of 
forms, one properly-primitive and the other improperly-primitive. His paper 
‘The definite quadratic forms in eight variables with determinant unity’ may 
appear in due course in the Journal de Math. 

t Blichfeldt, Math. Zeits. 39 (1934), 1-15. 


+ 
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» 7 

a form in seven variables with determinant unity. Hence* f, ~ > 27 
i=1 
and our theorem is true in this case. 
Suppose f, does not represent 1. Let the adjoint form of f, be 
8 
uu - . 
F,= > Ajyj2;%;. 
i,j=1 

Then we can find a form f; ~ f, such that, in Fs, 


J- 9 
Ay ae 


8 
Hence fe ~ Ay F342 DY a4; 2, 2; +f7(Xo,..-, Xp); 
i=2 


where f, is a form in seven variables with determinant D, = 1 or 2. 
If D, = 1,f, represents 1 and hence f, represents 1, contrary to hypo- 
thesis. Thus D, = 2. Let the adjoint form of f, be 


Then as above, we have f; ~ f, with 
Bo < \/(64") < 4, 
8 


and so fr ~ doe m+? 2 bo; Xo Xj +fo(Xg,---> Xe), 
t 5 


where the determinant of f, is D, = 1, 2, or 3. If D, = 1 or 2, and 


yet at Ee) 


8 
f= > Cy2%:2% 
v9 dl 

j=3 


; 
6 


< $/(2x 64/3) = 28/(2/3) < 2, 


we have 24 
and so f, represents 1 or f, represents 1, contrary to hypothesis. 
Hence D, = 3. 

It has been shown recently} that there is only one class of forms 


in six variables with determinant 3 and not representing 1. We 
may choose its representative to be the form 
G6 t24y-0+5 9) 
9D (2 2 2 _|_ ape D2 _l 2 a, > o lay om Dy » 1» wo» ) 
= 2(ag tag tars +g +277 +%ptXegXytXyUg +X, Xet2X_gX2+NX7 Xz) 


Hence we can write 


8 
Sy ~ b29%3+2 2, Pri %s Ui t+ Golta,---» Xs). 
U « 


* Hermite, @uvres, vol. 1, 129. 


+ Hofreiter, Monats. fiir Math. und Physik, 40 (1933), 129-52. 
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If we replace x, by x,—b,,2%2, we can drop the term x, 2, without 
affecting the form g,. Continuing this process, we have 
Sa ~ 92 = b 2203+ bys Xp Xy+ 2X, X_+Go, 
where « = 0 or 1, and the determinant of the form is 


- ew = © 


0 
0 
0 


1.e. 3b.—4b33— 8€b.,— 10«? = 2. 


Hence by, is even, say b,, = 2k. 
As above, we have 
fg ~~ Ay, V+ 2A, X, Lot 2ayg 2X3 +2€,%,X,+9, (€, = Vor), 
whose determinant is 
1411 %2 4 
Qn 2k des 


13 os 


1.€. 
2041 — 8Aj 2+ 4( 2445 G13 Dog + Ee, Ayo Dg3+ 215 443+ See, Ayo— 
z 1 Pe2_2 RIne2_1 De2f2.) — 

— 2kha?,—4ke, a,3+ 2€afs—4ee, 013 bo, — Skef + 2e7 35) = 1. 
Hence a,, is odd and a,, is even, i.e. fg is improperly-primitive, and 
so the lemma is proved. 

5. Lemma 3. If (a,p) = (b,p) = 1, the congruence 
ax3?+baj3+c=0 (mod p), 

where p is a prime, is always solvable.* 


* Cf. Landau (1), Satz 167. 
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Lemma 4. Let t be a positive integer, p an odd prime. Then the 
quadratic form f(x1,...,%,) is equivalent to a form f’ in new variables 
E of the type 
f! = pP xy E+ py EF+... +p a, E% (mod p') 
(0 < py S po S +» S Pn); 


the p’s being integers, and the «’s prime to p.* 


Lemma 5. For sufficiently large t, we have f ~ f', where f’, a form in 
variables &, &', is of the type 


A 
f’ = > 24, (mod 2%) (p, > 9), 
s=1 


where the p’s are integers and ¢, is either of the type 
Ig 


bs = > ais€ig€is (hg an integer), 
i=1 


k,/2 
bs : ya (2 Xis bis Eig t 2aig bis Eig + 20g Ei, Fis) (k, even), 


i=1 


A 
the x;., Xjs, x3, being odd and ¥ k, = n.+ 
s=1 


is 


Denote the minor determinant of the matrix (a;;) (7,7 = 1,...,) of 
f(x,...,%,) formed by the elements at the intersections of rows 


=: Fi ; ike > by lk) ; ; , 
es Magcas i, and columns jj, jo,-.-, jg by FY :5,.j,3 the g.c.d. of all 


the minors of order k by d,; the g.c.d. of all the integers 

(k) 9 Ak) / 

SFist tx! Ok» LIF Fs Uk drm dil Ue 

by o, = 1 or 2 (k = 1....,%). Let d_, = 0, d, = 1, d,,, = 0, and 
define the numbers 


- 
On, = Ay yy dy_4/dj, 
Then we have the following two known theorems: 
Lema 6. No two consecutive o,, can be both equal to 2. 
k q : 
Lemma 7. Let§ 
(k) one 
FFD vskiAQank = The Up By 
so that B, = 1. Define B, = 1. Then there exists a form f’ ~ f with 
, 9 , , 
(By, 2 Bj By 1 ---On-1) 


* Bachmann (1), vol. 4, part 1, 434. + Ibid. 444. 
t Ibid. 445. It should be noted that the notations used here are different 
from those used by Bachmann. § Ibid. 452. 
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Lemna 8. Let 


5 
fs = Ft (a;; = 4;;) 


be a quadratic form with determinant D, and let the odd prime p be a 
divisor of d;. Then the transformation 
u= Y; (= 1, 2, 3, 4), prs = Ys 
carries a form f; ~~ f, into a form with integer coefficients and deter- 
minant D,/p?. 
By Lemma 4, with ¢ > 2, we have f; ~ f,; and 
fi = pay E3+...4+pPsasé2 (mod p') (0< py <... < ps)- 
The lemma is evident if one of the p’s is greater than 1. Suppose 
then that each of the p’s is not greater than 1. 
Since p|d,, at least three of the p’s must be 1, say 
Ps = Pa= Ps = 1. 
Then the unitary substitution 
m™ €&= = 73t2375 = mts f= 1s 
carries f; into f; of the type 
f5 = pP oy N+ PP ay 13+ Pag 3+ Pog 4+ 2p(as 23 3 Ns+%4 2 Na N5) + 
+-p(oy23-+0423-+05)72 (mod pi). 
sy Lemma 3, since (a3, p) = (a4, p) = 1, 


a3 2+ay2z3t+a; = 0 (mod p) 
is solvable in 23, z,, and so the lemma is proved, since the coefficients 
of y; 7; (i = 1,2,3,4) are divisible by p and the coefficient of 73 
by p*. 


Lemma 9. Let 2 be a divisor of d,. Then the transformation 
x,=y, (+= 1,2,3,4), 27, = ¥5 

carries a form f; ~ f, into a form with integer coefficients and deter- 
minant D,/4. 

By Lemma 5, with t > 2, we have f; ~/f;, f; being one of the 
following three types: 

5 = 2P2 cy EF+2* oy EF + DP vg EF+ 24 xy EG DP? 5 £F, (5.1 

fi = Pray R42 vg E2+ 2? 0g Ft 2( Dery EF-+- 2a Ey Ey+ 2eug EB), (5.2) 

fs 2p, oy EF + 2P#(Qavy EF Jag £5 & 3+ 2ory €3) + 

+ 2P1(Qa, €3+ 2a &,é5+ 20,62) (mod 2’), (5.3) 

where the «’s are odd. 

Suppose first f; is of the type (5.1). The lemma is evident when 
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~ 


one of the p’s is greater then 1. Suppose then p; < 1 (¢ = 1...., 5). 
Since 2|d,, at least two of the p’s must be 1, say py = p; = 1. Then 
the unitary transformation 

&=nm &=1 $= =mtm b= % 
carries f; into 

f5 S 2Pt oxy NE + 2? xy NF+ 2 avg NF+ Zorg G+ 2.20rq M4 Ns 

+2(a,+a5;)n2 (mod 2%), 
and so the lemma is proved since a,-+-«, = 0 (mod 2). 

Suppose next that f; is of the type (5.2). The lemma is evident if 
either one of the p; (¢ = 1, 2,3) is greater than 1 or p, > 0. Suppose 
then that p; < 1 (i = 1,2,3) and p, = 0. Since 2\d,, we must have 
two of the p; = 1, say p,; = p. = 1, for if, say p, = ps = 0, the 
cofactor of the coefficient of £7 in the determinant of f; would be 
odd, i.e. 2/d,. Then as above, by a unitary substitution 

f= €&= tn = =m bs = MD 
we can make all the coefficients of the terms involving 73 divisible 
by 4, and so the lemma is proved. 

Suppose finally, f{ is of the type (5.3). The lemma is evident if 
either p, or pz is positive. Suppose now p, = p3 = 0. Then the 
cofactor of the coefficient of €? in the determinant of f; would be odd, 
le. 2/d,. 

Hence the proof of the lemma is complete. 

Lemma 10. If ds = 1 and d, is odd, then a unitary substitution 


carries f, into a form 


J5 < 
i) 

fs zx Mis X, 2; (a;; =a 
oJ 


U 


, 


where ‘ ; 
Aso Gog Ugg Ao, 


Gen Gas Ge 
: : 1. 0 (mod 4) 


, 


As, As, Day 


, 
2 
, 
2 
, 
2 
? 
2 


Ge, yn Og 


5 
and is relatively prime to a 
33 

, 

34 

, 

; A35 

Since d, = 1, we have 
0; = 0g = 3 => d,, 

and so, by Lemma 7 with k = 3, there exists a form f; ~ f; with 


(3) / 9 (4) = 
(712 3.1.2.3 93, 2d 4 FY") 3,4;1,3 nal % d,) = 1. 
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Suppose first o, = 1, we have 
(FX 5123° Fi%2941,23,4) = 1. (6.1) 
Suppose next o, = 2, we have, by Lemma 6, o, = 1 and so 
4 12 3,4:1,2,8,4 (= o,4, B,) 
is odd, since d, is odd and B,, by Lemma 7, is odd also. Then we have 
again 
7 (A722. 3:1,2,3° APY 3,4:1,2,3,4) =1. (6.2) 
Hence (6.1), (6.2) show that, by a transformation 
= Ys %2=— Yo % = Ys M=Yn =p 
we obtain a form f; satisfying the conditions of the lemma. 
Denoting the cofactors of a;; in |a;;| (i,j = 1,...,n) by AY, we have 
Lemma ll. Jf A{? 4 0 (mod 4), then for an arbitrary integer u, 
there exists an integer v such that 
D,u—A§? v?—2A{?v—A) # 4°(87—1). (7) 
It suffices to prove that, if a, b, c are integers, where a 4 0 (mod 4), 
then integers x exist such that 
Q = ax?+ba+c $ 4°(8r7—1). (8) 
Suppose first c ~ 4°(87—1), it is clear that 2 = 0 is a solution 
of (8). Suppose next c = 4°(87—1). We consider the following cases: 


I. Ifc = 8r—1. Construct the table: 


b=! 0 i he 3 
a 
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For an illustration of the table, we take a = 1, b = 0 (mod 8), then 
Q = 3 for x = 2 (mod 8). Hence we need only consider the cases 
not dealt with in the table, namely b = +2 and a = 3 or 7 (mod 8). 


We write aQ = (ax+4b)?+ac—(4b)?. 

Since a = 3 or 7 (mod 8), it suffices to show that we can choose x 
such that aQ ~ 4°(87-++5) or 4°(87-+1), or, since a is odd, that y can 
be chosen so that 

y2+d ~ 4°(87-+5) or 4°(87-+1), 

where d = ac—(4b)?. Here we need only consider the cases of d + 0 
(mod 4), since the factor 4 can be removed by putting y = 2y,. If 
d = —1, +2, 3 (mod 8), we take y = 2 (mod 4), so that y?+d = 3, 
+2, —1 (mod 8). Ifd = 1 or —3 (mod 8), we take y = 1 (mod 4), so 
that y?+d = 2 or —2 (mod 8) respectively. Hence (8) is solvable 
when c = 8r—1. 

II. Suppose c = 4/:(87,—1), p, > 0 and 6 is odd. We take x = 2 
(mod 4) and then Q = 2 (mod 4) + 4°(87r—1). 

III. Suppose c = 4?1(87,—1), py > 0 and b = 24b,, where B > 0, 
and b, is odd. If 8 > p,, take x = 2/:x,, which reduces it into the 
case I. If 8 < p,, take « = 282,, which reduces it into the case IT. 

This proves the lemma. 


Lemma 12. Given a positive-definite quadratic form 


ts =2 UX; (4;; = a5; 


with 


; a a a 7 OF 
A®=—| 3 Ss 3° | S 0 (mod 4) 
M34 


35 


and relatively prime to 
33 


Az, 44 


M35 45 


then we can find two integers Ay,, Ag, such that the form 
dae 9 a oy x 02 
Se = Spt 2ayg 11 Xp 2X y %e+-Agg Xe. 
(i) 7s positive-definite, 


(ii) has determinant D, ~ 4°(8r—1), 











THE REPRESENTATION OF A QUADRATIC FORM 
and (iii) (A, D,) = 1, where 


Gee Ae 


| | | 
| G3 33 Az4 35 | 


(6) _ 5 
Aj? = |G 4 : Dyn %s | 


| 
G25 35 a 
1 ! 
= p, an odd prime. 
Denote l 
G33 Az, 35) 
Az, My %;| by A. 
35 Us %5 

Suppose first that A is odd. From Lemma 11 there exist integers 

w, and v, such that 
2D; wy— A? v2—2A{? v4»>—ASD F 4°(8r—1). 

Then, on taking a fixed v, with A{}v,+ A? + 0, we can choose a 
suitable integer y such that any w, = wp (mod 2”) is also a solution. 
By hypothesis, (A{9), A) = 1, and thus we can choose nhs so that 

2A\w,—A = p > A|A§?v,+ Af? | 
where p is a prime. Now 
2A{}w,+Av, 4 0 (mod p), 
for, if it were, p would divide 
— A(9(2AQw,—A) + AG(24Gw,+Ary)| = A|AQ+A9v9| < p. 
We show that it suffices to take a,, = Vp, Gg, = 2w,. For from 
(6) _4(6) 
Ay AS 
AY AY 
(6) 4(6) 4(6) 41) 4@) AQ 
Aj? Aji? Ai? Aj? Aji? Aye 2 %43 Aq U5 Ve 
Aw Ag) As? AX? A A 2 Iq Azz Ayq Ags 1 
0 1 0 0 23 sg Igy Az, 0 
oe 1 0 24 Igq Agy Ay, O 


0 0 1 25 A35 V5 O55, 0 
0 0 O Ge 


Dz 
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A‘? | 
A's) 
and so Adgg Ds = —(AXY)? (mod Af®). 
But 


= Adg, Dz, 


Ayn Ag Ayq Ay yg) 
Geng Gen Gy, G,, 0 

AS? —| Geog Gog Beg Aq, 0 | = Ogee 
My, Ag5 G5 As5 0 

l 0 0 0 in 


From the values of @1¢, 4, we have 


(A{%, AS) = (2A{9w,—A, 2A{? w,+Av,) = 1. 


1 


Hence (A{°), Aa, D,) = 1, i.e. (A{%?, D,) = 1 and (ii), (iii) are satisfied. 
Since fei is positive-definite, as in Lemma 1, after v, is fixed, if we 
choose positive w, so large that D, > 0, the condition (i) is satisfied. 
Suppose next that A is even. Write Ag, = 2w+1, and proceeding 
as above, using Lemma 11 with uw = 2w+1 and making A{))(2w+1)—A 


a prime, we have the same result. 


Lemma 13. If, in Lemma 12, D, = 0 (mod 4), the transformation 


t=y, (¢ = 1,2,3,4), 22, = He (9) 
carries a form f, ~ f, into a form with integer coefficients, determinant 
D,/4 and d; Ll, & = 

The proof of the first part of the lemma is similar to that in 
Lemma 9. 

For the second part of the lemma, o; = 1 is obvious, since, by 
Lemma 12, A{§) = p is odd. If d; > 1, we have d; = p and hence 
D,; = 0 (mod p) contrary to (D,, A{?) = 1. 

LemMA 14. Let 


6 
> AjjyX,X; (Ayy = A;,) 
i,j=1 


be a positive-definite form with (A{%, Ds) = 1, where D, # 0 (mod 4) is 
the determinant of f, and A‘), the cofactor of ay, in Ds, ws odd. If 
D, & 7 (mod 8), there exist integers az;, Az, Ugg Such that the form in 
eight variables 


fea 2 9 “2 2 
Ig = fg 2Xy Xg+A77 U7 2Agg Lz Xe Agg Lp 


is a positive-definite properly-primitive form with determinant unity. 
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Since the determinant of g, is 


Pig Mp Sug 
Gen Teg Ng 
A33 
As, 

435 

136 

| 0 0 a 

| 1 > & a A7g Ags 
the proof is precisely the same as that in Lemma | simply by replacing 
Ayo, Dy, J4; Ig3, 34, U4, in Lemma 1 by A), Dy, Jg, G77, A7g, Ugg TESpec- 
tively, except that we need to show that one of the a,,, az, can be 
odd, i.e. to show that in Lemma 1 we can make a, or a4, odd, when 
Ayo is odd. 

In the proof of Lemma 1, in case D, = 3 (mod 8), @4, D,—@g. = 2p, 
we have a,, odd, since a,, is odd. In all the other cases, a4, D,—dy. = p. 
If we put a3, = 2a3,, the solvability of (4) is not affected, since 
(4/p) = 1 and then a,, must be odd, since the left-hand side of (4) 
is odd. Hence, correspondingly, one of a,,, ag, can be chosen to be 
odd in this lemma. 

THEOREM 2. R; = 8. 

R,; > 8 is clear from the form aj3+23+23+ 23+ 723, since 7 is not 
a sum of less than three integer squares. 

Next we prove that R; < 8. From Lemmas 8, 9, and 10, it is clear 
that we need only to prove the theorem for the form 


ji,= > is Mis (a;; = a;,), 
t, 


where A{} is relatively prime with 


Q33 Agq 35 | 
G3q Ugg M5 |- 
435 5 55 
Since from Lemma 2, there is only one properly-primitive positive- 
definite quadratic form in eight variables with determinant unity, 


then by Lemmas 12 and 14, if D, # 0 (mod 4) in Lemma 12, 
r | On om» Dy x» 19 -» 19 a eo 2 2 2 
Ja = fp +2, Xgt 2g Xot Wyo Ty Xet 27g Xz Xyt-Age Xe +77 Xe + Ogg Xe 


is a positive-definite properly-primitive form with determinant unity 
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and so 


where the L’s are linear forms in 2),...,%,. Putting 7, = 2, = 2, = 0, 
we have a representation of f; as a sum of eight squares of linear 
forms. 

If, in Lemma 12, D, = 0 (mod 4), then by Lemma 13, we can carry 
f, in the Lemma 12, by some unitary substitutions combined with 
those of the type (9), into a form f; with D; 4 0 (mod 4) and 
d; =o; = 1. Then by similar argument to that in Lemma 10, we 
can assume that fj satisfies all the conditions of Lemma 14. Then 


there exist integers a@,,, 47g, dgg Such that 


8 
os On a 3 219 . of ~ oo 2 
Sg 28 Hye tOq7 12+ 2a7, Xz Xe tAgg XE = ae \ 
Fp 


Putting x, = x, = 0 and transforming f; back to f,, we have 


8 
a px L;*. (10) 
Putting x, = 0 in (10), we have a representation of f; as a sum of 
eight squares of linear forms. Hence R, = 8. 
THEOREM 3. R, = 7, R, = 6, R, = 5. 
The proof for R, <7 is evident by applying Theorem 2 to the 
forms of the type f,+22, where 


4 
fa= Dd 452,2; 
i,j=1 

Again, R, > 7 follows from the form aj+a3}+-2: 

Similarly, we can prove R, = 6, R, = 5. 

It should be noticed that the argument of this section with some 
modification also proves 

THEOREM 4.1. Any positive-definite quadratic form in n = 3, 4, or 5 
variables with determinant D, # 0, 4, 7 (mod 8), (Aj, D,) = 1, can be 
expressed as a sum of n+2 linear squares with integer coefficients. 

THEOREM 4.2. Any positive-definite quadratic form in six variables 
with determinant D,#~ 0, 4, 7 (mod 8), (A{§), D,) = 1, and AS§ odd 
when (A /D,) = 1, D, = 3 (mod 8) can be expressed as a sum of eight 
linear squares with integer coefficients. 

6. The conjecture R, = n+3 is not true when n > 5, for Mordell 
has given recently the form 


— 22, %o— 225 Xz, 
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which he proved cannot be decomposed into a sum of any number of 
squares of linear forms with integer coefficients.* Before this I had 
also proved the following: 


THEOREM 5. There exists at least one positive-definite quadratic form 
in n variables where 6 < n < 8, which cannot be represented as a sum 
of non-negative forms with integer coefficients (i.e. with integer a,;;). 

The proof requires the known lemma 

LEMMA 15. Any positive semi-definite quadratic form in n variables 
with integer coefficients can be derived by a linear transformation with 
integer coefficients from a definite quadratic form in fewer than n 
variables. 


Since the form f,, in » variables is semi-definite, it represents zero 
and also its determinant is zero. Then by a linear transformation of 


determinant unity and integer coefficients, we can write 


n 
BP teas 2> 44,%,2;+f, -3(%q,.--, Zp). 
t=2 


Hence a,; = 0, as otherwise the form assumes negative values by 
choice of 2,. Then f,,, is definite or semi-definite in one variable 
less. The lemma is evident by continuing this process. 

Now we can prove Theorem 5. Suppose the theorem false; then 
every positive-definite form in m (< 8) variables can be split into a 
sum of non-negative forms. Take a form f/f,” in 8 variables with 
determinant unity and integer coefficients. Write 


r 

| (8) 4 v (s) . gy(8) 

fs => ai? x; x; (at) = a‘). 
j 


t, 
Then we have fO =fP+fo 
where a‘! = a‘?)+a\?), If ff is positive-definite, we carry on the 
process again. TE f2 i is semi-definite, by Lemma 15, we have 
(2) (2) 

fe ~f?, 
where ¢ < 7 and f}” is positive-definite. Then we apply our process 
to f\?. It is clear that finally, we must have 

fY? = [?+a non-negative quadratic form with integer coefficients, 

where Z is a linear form in 2,...,%, with integer coefficients having 


no common factor. By a linear transformation we can write L = 2,, 
so that (1) 
fi? ~ fe 


* The proof of this will appear in the Annals of Math. 
H 
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and f,—2? is a non-negative form. Let the determinant of f, be 
, 8), then the determinant of f,—2? is 
Q,—1 Ay 
Me 8 a 
A, Ag 


] , (8) 


and so > As 


i.e. A® = 1. 


7 
Since all the forms in seven variables with determinant unity ~ > 2?, 
i=1 


U 


8 
then f, ~ > «?, since it represents 1, contrary to the fact that the 
i=1 


class number of a positive-definite form with determinant unity in 
eight variables exceeds 1. Hence Theorem 5 is proved. 

In closing, I wish to express my sincere gratitude to Professor 
Mordell for suggesting to me this problem and the method of attack, 


and for helping me with my manuscript. 











A THEOREM ON THE ADDITION OF RESIDUE 
CLASSES: APPLICATION TO THE NUMBER 
T(k) IN WARING’S PROBLEM 


By 1. CHOWLA (Lahore) 
[Received 13 July 1936; in revised form 7 December 1936] 
1. Introduction. THe following remarkable theorem* has recently 
been proved by Davenport: 

Let p be a prime; let «,,..., «, be u different residue classes to modulus 
p; let B,,..., B, be v different residue classes to modulus p. Let y,..., Vp 
be all those different residue classes which are representable as 

atpB; (l<iqu;l<j<v). 
Then w > u+v—1 provided that ut+-v—1 < p; and otherwise w = p. 

In this paper I generalize} this theorem to any composite modulus. 
To do this I must introduce certain restrictions on one of the 
sequences. My theorem is as follows: 

THEOREM 1. Let m be a positive integer; let «,,...,«, be u different 
residue classes to modulus m; let B,,..., 8B, be v different residue classes 
to modulus m, where one of the B’s is zero and the rest are prime to m. 


Let y1,-.-5 Vy be all those different residue classes which are representable 
die a tp (lh<i<ujl<j<v). 
Then w > u+v—1 if u+v—1 < m; and otherwise w = m. 

Theorem 1 has an application to the number ['(k) in Waring’s 
problem. I(k) was defined by Hardy and Littlewood as the least 
s such that every arithmetical progression contains an infinity of 
numbers of the form 2%+-...+-2* where the x’s are integers. Hardy 
and Littlewood{t have proved that ['(k) < 4k, while [(k) = 4k for 
infinitely many k. The following theorem is an easy consequence of 
Theorem 1. 

THEOREM 2. Let s > 4k and let the integers ay,..., a4, be prime to m. 
Then every arithmetical progression mx-+-a contains infinitely many 
numbers of the form a,xk+-...+a,x* where the x’s are integers. 

* J. of London Math. Soc. 10 (1935), 30-2. 

+ Compare Proc. Indian Acad. Sc. (A), 2 (1935), 242-3, where it was shown 
by examples that the generalization (Theorem 1 of this paper) is, in a sense, 
best possible. 


t Math. Zeits. 12 (1922), 161-88 (Theorem 12, 186). 


955251A 
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The particular case a, = ... = a, = 1 gives ['(k) < 4k. 

It also follows from our argument that 

THEOREM 3. Every arithmetical progression mx-+-a where m is odd 
and prime to a,, @p,..., d,, contains an infinity of numbers of the form 
a,xi+...ta,x* provided that s > $k. 

2. Proof of Theorem 1 


We note that the last clause of the enunciation is an immediate 


consequence of the preceding one, for, if w+v—1l > m, we need 


consider only the two sets a, : 

The proof is by induction on v. For v = 1 there is nothing to 
prove. For the rest of the proof we can assume without loss of 
generality that 8, = 0. For v = 2 we write B = 8,—f, = B, + 9, 
and observe that, if the theorem is false, then, for every «;, «;+f is 
also an a. Hence for every integer f, «;+-/8 is an «. Since f is prime 
to m every residue class to modulus m is representable by a;+-ff, 
so that uw = m; which contradicts the hypothesis that w4+-2—1 < m. 

Hence we may suppose that v > 2 and that the theorem is true 
for all v’ < v. We may also suppose that w < m. We apply the 
theorem to the two sets of residue classes y, Yi By B,. Since 
w+2—1<m, we conclude that there are at least w+1 residue 


classes which are either of the form y;+-f, or of the form 


vitB, (B, = 9), 
and therefore that there is a class 5 such that 56—f, is'a y and 
5—B,, = dis not. We may suppose, without loss of generality (since 
Q 


we can arrange f,,...,8,,_,, and also y,,..., y,, in any order we please), 


that there exists a suffix r (1 < r < v) such that 
0 —B, — Te (1 
6—-B=¢ (r< 
as Yy (r 
We now observe that none of the residue classes 
wy—-B: (<t<ujl<g<r) 
is an a. For, if so, we should have 
a+f; — 7? 5—B,, 
i.e. a+p, = 5—f, = «, 
and so e, would be a y, which is not the case. Hence the w’ residue 
classes representable in the form a;+f, (l <t<u;r<t< v) form 
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a sub-set of the y’s not containing y,,..., y,. Thus w’ < w—r. But by 
Theorem 1, with v’ = v—r, we have 
w >u+(v—r)—1. 


Hence w>u+v—l1. 


3. Application to I(x) 

LemMA 1. Let p be an odd prime,@ >1. Then the number of k-th- 
power residues, prime to p®, and incongruent to modulus p® is not less 
than h/k where h = ¢(p®) and ¢ is Euler’s totient function. 

Proof. Let G be a primitive root to modulus p’. Then the numbers 

G, O...., (A) 
are mutually incongruent. Hence the numbers* 

7, G™.,..., Gam (B) 
are also mutually incongruent since (B) is a subset of (A). But the 
numbers (B) are residues (prime to p®) of kth powers. We consider 
the two cases: 

(i) k\|h: then the number of numbers (B) is h/k; 

(ii) k/h: then it is easy to see that 

pihikl+Dk 4 Gok (6 = 1, 2....,[h/k]), 


k k k 
(since k/h). Hence there are at least [h/k]+1 > h/k distinct residues 


(prime to p®) of kth powers. 


for wa ae ead (|z]+1-°)e < He 2 "tuk 


Lemma 2. The number of k-th-power residues to modulus 2° which 
are prime to 2° is at least equal to 
h/2k where h = (2°) 
Proof. If @ is 0 or 1 there is at least one kth-power residue, namely 
1, and ‘ 
oe 


1 OE > OR 


Hence we may suppose 6 > 3. It is knownt that 5 belongs to the 
exponent 29-2 to modulus 2°; hence the numbers 


Ahh 
, 2 


* We use the symbol [z] to denote the greatest integer not exceeding z. 
+ Landau, Vorlesungen iiber Zahlentheorie, 1, Satz 125. 
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are mutually incongruent to modulus 2’. From this point onwards 
the proof is the same as that of Lemma 1, but with $h instead of h. 
Now consider the numbers x* where x, takes the values 0 and other 
values, prime to p, not exceeding p?’ (p > 2). The number of incon- 
gruent numbers 2% is at least 1+h/k where h = ¢(p*), by Lemma 1. 
Hence the number of incongruent numbers a, x* is at least 1+h/k 
provided a, is prime to p. The same is true of the incongruent 
numbers a, x%,..., a,a* provided dg.,..., a, are also prime to p. Then 
by repeated application of Theorem 1, the set a, x#+-...+a,x* (where 
%o,..., %, run through the same set of values as 2,) contains at least 


min p?,a(¢-+1)—2+1 | i.e. min| p?, +1 


incongruent numbers to modulus p?. 
Hence, if s is such that 


a p 
.e. if s> = = : 
wis ~ hlk l—Il/p 


then every residue class to modulus p’ is representable as 
ik 


as 


Ke | 
A,X... Tad 


When p = 2, by reasoning as above, Lemma 2 shows that, if 
ak 
ee 4k, 
se x 


then every residue class to modulus 2° is representable as 
@,%{+...+4, 25 


Theorems 2 and 3 are immediate consequences, 











A NOTE ON INTEGRAL FUNCTIONS OF ORDER 
ONE 
By V. GANAPATHY TYER (Madras) 
[Received 7 September 1936] 


1. Notation. Let f(z) be an a ee function of order one. Let 
re and M(r,f) = ma \f(z)|. The type k(f) and the function 


4(0,f) are defined by the volediite 


- M( : i8) | 
k(f) = Yim 8 MOP), (0,f) = Tim 98102) 
rx i rx 
1. The object of this note.is to prove the following two theorems. 
THEOREM 1. Let {A,} (0 < Ay < Ag... < A, >) be a measurable* 
sequence of density D and index of condensation* 5 (0 <8 <o). Let 


lim zi log |f(A,,)| = —a < 0. (1) 


Then k(f) > d = min(zD, «—28) or else f(z) is identically zero. 


THEOREM 2. Let {A,,} be as in Theorem 1. Let 


lim ~loglf(+2,)| = —a < 0, (2) 


nx n 


where « > 8. Then k(f) > 7D or else f(z) = 0. 


These two theorems were suggested by the following result 
due to Miss Cartwright. 
THeorEeM A. Let f(z) be an integral function of order one and type 
less than w. Let f(-+n) = O(1) (n = 1,2,...). Then f(z) is bounded 
along the whole of the real axis. 


All these theorems show that the type of f(z) is governed by 
“ behaviour of the function at an isolated sequence of points like 
{r,,} or {n}. It will be seen that a hypothesis of the form (1) or (2) is 
more directly related to the type of f(z) than the assumption of mere 
boundedness. 
* For the definition of measurability and the index of condensation of a 
sequence {A,,}, see V. Bernstein, Séries de Dirichlet, Borel Tracts (1933), 22-7. 


The index is always zero when lim(A,,,,—A,,) > 0. 
+ Quart. J. of Math. (Oxford), 7 (1936), 46-55. 
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1.4. We require the following known results.* 


Lemma 1. When f(z) is of order one and k(f) is finite, h(0,f) and 
h(6-+-2,f) cannot both be negative unless f(z) = 0. 


Lemma 2. Let {A,} be as in Theorem 1. Let 


= 


Then, 


h(6,0) = wD sin 6| 


log |a(re!®) | 


= lim 


rox 
where 6 is not a multiple of 7. Also 


5 = lim : log 


(Ay) 
HHP Ng |o n/ \ 


Moreover, given a positive «, we can find y = y(e), ry = Tole) such that 
lo(z)| < e€#, jamp(z)| < y, r= jz] > (6) 


2. Proof of Theorem 1. If d < 0 the result to be proved is trivial, 
since k(f) >0O unless f(z) = 0, in which case k(f)= —oo. Let 
d > 0 and suppose k(f)< d. We shall prove that f(z) = 0. Let 
F(z) = e®f(z) where B is positive and is so chosen that 

k(f)+8 <B<d+s. 


In virtue of the hypothesis and the relation (5), we have 


An) 


< B—a+8 < d—(a—28) < 0 


lim ‘og, 


<aiitad n |o 


"(A 
lim . log|= (—A 
alibi A, |o o'(— A 


Remembering that |e®| = eros? and using (4), (7) and the method 


n 


ij 
" < —B+h(f)+8 < 0 


at 


(7) 


I have employed elsewhere,} it follows that 


a(z) n =] \o’(A,,) Z- rn a’(—A,,) z+A,J 
Let h > 1 so that > Az” converges. Let C[{A,,},h] denote the system 
of circles with centres z = +A, and radii A;”. By (7) and (8) we 
conclude that, when z is outside the system C[{,,}, /], 
|F(z)| < A |o(z)|, (9) 
* See Bernstein, loc. cit. 301, 270-80, 289. 
t+ J. Indian Math. Soc. (New Series), 2 (1936), 4-7. 
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where H is a constant independent of z. Using (6) we get that 
|F(z)| < He", jamp(z)| < yy, |2| > 7 (10) 


z being outside the system C[{A,,},h]. Now choose y, < y so that 
1—2cosy, < 0. Then (10) shows that there is a constant A = A(e) 


such that 
je F(z)| < A (11) 


= 


for z in ei )| < y, but outside C[{A,,}, 4]. But e-* F(z) is regular in 
amp(z)| < y,. Hence (11) holds throughout the angle jamp(z)| < 7. 
Therefore 
h(0, F) < 0 
since ¢ is arbitrarily small. This gives 
h(0,f) < —B. 
But f is any number less than d+58. Therefore 
h(0,f) < —(d+8). (12) 


Now, choose a positive 7 so that k(f) << » < d. Consider the function 
e”f(z) = g(z). We have, by (12), 


h(0,9) < n—(d+8) < 0 
and h(7z,g) < —n+k(f) < 0. 


Hence h(0,g) and h(z,g) are both negative, so that Lemma | gives 
g(z) = 0. Therefore f(z) = 0. This proves the theorem. 


2.1. Proof of Theorem 2. Let kif) < 7D. Let B be positive and 
such that a—8 >. Consider the function ef(z). We have, by 
hypothesis, 


lim - “tog| An el < B+6-—a < 0 


n—>x 


an” 


Bh 
fin | tog | 


“S(—Aw)| < pi 3—a <0 
n->2 r, o (—A,) p 


Using (13) we can show, as in § 2, that h(0,f) < —f and therefore 
h(0,f) < —(a—8). 

Similarly, considering e+#*f(—z) we conclude that h(z,f) < —(a—8). 
We can now apply Lemma 1 fe conclude that f(z) = 0. 
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3. The following are particular cases of Theorems 1 and 2: 


THEOREM 14. Let f(z) be a function of order one. Let {r,} be a 
measurable sequence of density D. Let lim (A,,,,—A,) > 0 or, more 


n 


generally, let the index of condensation be zero. Let 


lim R. log | f(A,,)| —a < 0. 


Then k(f) > min( x, 7D) or else f(z) = 0. In particular, this is true 
with A, = 2, D= 1. 

THEOREM 2A. Let {X,} be as in Theorem 14. Let f(z) be a function 
of order one. Let 


lim — log|f(-LA,)| < 0. 


Then k(f) > 7D or else f(z) = 90. In particular, this is true with 
A n, D = 1. 


3.1. Remark. Theorems 14 and 24 could be derived by combining 
Lemma 1 with a general result* proved by Bernstein. But the proof 
of the latter result (holding only when 6 = 0) is rather complicated. 
The proof given above for all non-negative 5 is decidedly simpler. The 
lower limit min(«—25,7D) seems to depend on the exigencies of the 
method of proof. Probably, k(f) > min(a—8,zD) is true under the 
conditions of Theorem 1. When 8 = 0 the difference in question is 
not evident. In the latter case, it is seen by considering e-* (a > 0) 
that k(f) > min(a, 7D) is the best possible result. 


* See Bernstein, loc. cit. 235 (theorem 2) and 244 (theorem 4). 
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1. THE formula 

- 

[ \S(4+it)|* dt ~ =  Tlog'T (1.1) 

0 
was proved by Ingham,* as a refinement on the corresponding 
O-result obtained by Hardy and Littlewood. Later I gave an alter- 
native proof,} depending on Fourier transforms. 

In the present paper I give another variant of the transform 

method; but for the sake of simplicity I go only as far as the O-result. 
Actually I give a new proof that 


 1¢(4+-it) |4e-8 dt = O(<log* =). 1.2 
[ ic-binsedt = Of 1085) (1.2) 
The basic formula is 

(4 a. it) 4o(27—45)t 


cosh?zt 


dt 


fe | 
J} \exp(iwe-®)—1  iwe-J 


= . +- aw mm 


exp(—iuve"®)—1 = 
(1.3) 


and the proof depends on approximations to integrals of the form 


[ f ‘4 Qaare —id ~s 97 ~ id oa : (1.4) 
J {exp(2imze-*)— 1} {exp(— 2imkze"®)— 1} 

In the previous paper I first used a method of residues, and then 
a method of expansion and term-by-term integration. In the new 
proof the method of residues is repeated. It appears at first sight 
as if it should be possible to extend the method to higher powers of 
£(4-+-7t)|; but even in the next case, that of |f(4-+7t)|®, new difficulties 
arise, which have not been overcome. 


2. Let m be an integer, 1 < m < 1/287, and k>1. Take the 
integral (1.4) down the line 
z = (m—4+idje®, 
* A. E. Ingham, Proc. London Math. Soc. (2) 27 (1928), 273-300. 
+ E.C. Titchmarsh, ibid. (2) 27 (1928), 137-50. 
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where J is real, as far as the real axis, and then along the real axis to 
+o. The line meets the real axis where A = —(m—}4)tané, 
z = (m—})sec 5d; and on it 

exp(2imze-®) = —e-2A 
and = |exp(— 2izkze'®)—1| > exp 27k{(m—})sin 28+-A cos 28}—1. 
Hence the modulus of the integral along the line does not exceed 


co 
dx 

: exp 27k{(m— $)sin 26+-A cos 28}—1 
—(m—+)tan8 


oO 


= l dp — Ol ioe 2 1 e—Akms\_ 
2k cos 26 P e+ —] i: ”\ * amd 
27k(m—4)tand 
The calculus of residues therefore gives 


3 


ij dz 
| ; fexp(2imze-) — 1}{exp(— 2imkze’®) — 1} 
(m—4)seco 
z 1 (1 m3 \ 
: + Ol _ log| 2+ _\e-Akmd\ | ae | 
> exp(—2imkre?®)—1 '  \k ( + bins) | ng 


me eid 

r=” 
Again, on the stretch {(m— })sec 5, m} of the real axis, 
exp(2imze—®)—1|2 = (e2728ind__])24 4¢2728ind sin?(z7z cos 8) 
> A{md?+ (m—z)*}, 

and exp(— 2imkze'®)—1| > e27kzsind_] > edkmd_], 

We may therefore replace the lower limit (m—})secd by m, with 

error 


m 1/2md 


O l | on dz | 0 1 | ail 
eAkmd__] q {md?-+-(m—z)*}4 eAkmd__ ]} ; (1+ w?)! 


m—4% 0 


] . ] 
O _ e-Akmd log —), 
(ies ba 5) 


3. Comparatively trivial arguments (see § 5. 1 of my paper referred 
to) show that the inner integral on the right-hand side of (1.3) is 


2D 


j du (1 v\) 
. = eer | Of-(1+log—}}, 
| fexp(iue-)— 1} fexp(—iuves)—1} 7 i ( * e3}} 
msecd 

and therefore, by (2.1) with m = 1, k = », it is equal to 


. < 1 
27e® NS : 
= exp(— 2¢mrve 
r= 


(} 9?\| 
3) —1 +; (1-+1085]. 
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; 1 1 
Writin A =]|-log=}, 
the terms with r > A are 
2 e—7Avsin 28 1 
O Y e-2z7rvsin2d — o( es o(;). 
rSA vd v 
The contribution of these O-terms to the result is clearly O(log? 1/8). 
The result therefore depends on 
1 2 


4 
S - —e dv 
<~ exp(— 2enmve*)—1 

U 


a aa 
{> m di 
“+ fexp(2¢mzve- 2d) )—1}{exp( — 2inzve*>)—1} 
ln=1' 
3 f di 4 
a, {exp(2imzve-*) — 1} fexp(— 2immve®)— 1} 


m 


di 
LOR ; ; 
7. fi {exp(2immve-*) — 1} {exp(— 2inzve?®) — 1} 


2 ma i 


We approximate to these integrals as in § 2. The O-terms arising 
are 


2+ i )+ ] log Je-n® 


mnod 


O 3 (log + log? )e- = O(5 log*5). 


The single m-sum gives the series 


: : mrsin4d 
+=-5 n@ 
a4 m Ly exp(—2inre’?)— Za m 7 
le 1 ; i, 
= Ol_ lov — e-7msin4s) — Q[- ]loo2— ] 
“of og 85 ba a i (5 Z 3} 


m 


nd 


[t therefore remains a question of the sum 


] 


nr . 
7 —etid| —_] 
m 





m 
m=1 n=mr=m 
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We can replace ie*® by i—sin 48 with error 


3 nrl ss exp (- Qa mrl sin 48) 
m ™ 


=m r=m l=1 
Since Set = of(1 +a¢ al _Q ae) 
1=1 \ a>} | a 


for large or small a, this is 


x x l x ] oO x 1 
— WM . 2. = n i 
O RS bs > exp | —7-—sin 46 O > 2 —log = e-7n sin 4d 
nia £ m Nn re) 
m=l1ln=m r=m m=1n=m 
x 


O log? . > e-7msin4ds _ Log?! : 
fe) fe) ro) 


m=1 
We can also replace the upper n-limit by 0 with error 
A 


x x \ A 
.* ie —~ mM mr . . —~ m om — 
O > >" S ~exp|—a—sin 46] = O > — log? — e—74sinds 
het het NYO m kat O ' @ 

m=l1n=Ar=m m=1 


- O(1). 
Hence it is a question of 


ae 
— 27 —s1n 46}. 
m 
4. Putting n = v+v’'m, r = p+p’m, | = A+A’'m, the inner triple 
sum is 
m—1m—1 m 


. > exp (2in2) 4 
m 


a 
v=0 p=0 A=1 


= — a 9 
a3 2 > ex |— Te ! v'm)(p-+p'm)(X+N'm)sin 45) 


1 p’ 1 \’=0 2 


The terms for which m|vp do not exceed 
m—-1m—1 x x x 
= ty = ¢ I ° 
Y1> > SY exp(—2a'p'mlsin 48). 
v=0 p=0 v=1 p’=1l=1 
m vp 
Let » be a divisor of m, and let (v,m) = pw. Corresponding to each 
such v, p takes the values 


ie. wp values. Since the number of such v does not exceed m/, the 





THE MEAN-VALUE OF |£(}+-i#)|* 111 


number of terms corresponding to each p does not exceed m. Hence 
m—1 m—1 


< md(m). 
v=0 p=0 
m\vp 


Also the triple sum in v’, p’,/ is 


] vm bi 
O : e-7v'p'msin4sd _ CQ) : _lo e—7v’msin 45 
oe YP ral e ms © § 
v 


1 m ‘ 
= (5 log2— e-7m es | 
ms ~ 8 


Hence these terms contribute 


i(m) m l 1 
0- ¢ g? amsin4d - O eed wf . 
5 oa hl 0 7 5) 


A similar argument applies to the terms for which m|vA, except 
for the term A’ = 0. This gives 

m-1 m m—1 a 7 Se 

S Zz p2 1 > b3 exp! — 2" (y-+-»’m)(p-+-p’m)Asin 45\ 

hoa | om J 

v=0 A=1 p=0 y=1)'=1 


m vA 
m—1l m™ 


cm > DS 4 p> exp(— 27’p’mA sin 48) 
v=0 A=1v 
m|\vA 


m—-1l m™ 2 l 
= Olm > > > e—7v'mAsin 45 
( é v'mrd 
py = 


v=0 A=1 
m|vA 


= - Of5 log e- py } i) 


0 A= 
m|vA 


Defining » and v as before, A takes the values 


m 2m m 
—, —;..., (u—1)—, 
Bh Le Be 


pol 


wial +: o. = Oo plogp\ _ o(tee™ 
- Ye m m 
Hence the sum of terms corresponding to each pu is O(log m), and 


m—: 1m 


>) = O{d(m)log m}. 


v=0A 
m|\vA 


The same result now follows for this sum. 
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5. Next consider the terms for which X’ > 0, m/vp. Here 
P 


m 


S exp|2inY2 an 04” m)\(p+p wg 45| 


— m m } 


1—exp{2tvp—27(v-+-v'm)(p+p’m)sin 43} _ 
“A 


fon Wis ys 
x exp) 2in” ha +v’m)(p+ dh cceaieed 
mn 


9 
ole xp| — 7 vty’ m)(p-+-p’m wins} /(" a} 
| =m m 


where (x) denotes the distance of x from the nearest integer. We there- 
fore obtain 





5) 
] — exp|2in’? =" y 


+-v’m)(p+-p’m)sin 46 
mm 


—27v'p'd 43|_ 


If v/m = p/q in its lowest terms, (vp/m) takes some of the values 


l/q, 2/q (q—1)/q, each at most 2m/q times. Hence the p-sum is 


7 = O(mlogq) = O(mlogm). 
1 


The whole sum is therefore 


—. ] eae log m ene 
O(m*log m S 5 e-7v'pm*sin 40 O 5 y am’ sin 40 : 


log? —e-7 
re) = 


Lv La v'p’ms 
py =) p 1 


and this gives 
] iy ] p = a l ] 
log? m+log m log? —}« mm®sin4d —_ O|l-— log*—}. 
5D. m8 _ e*5] (5 es) 


Finally, if 4’ 


m uf 


- 0, mi{vp, we get 


on 4 ~ , 9) 
S S xp! Qin: 7 (v -v’m)(p+-p’m)A sin 46 | 
1 ony p= 


m vA x 


‘% > oles 
1 p’'=1 


1 inas | 
3 | 2 —7msin 4d 
s3 m-+t-log? m log 5 ees ‘ 


; this completes the proof of (1. 








A NEW PROOF OF DIXON’S THEOREM ON 
HYPERGEOMETRIC SERIES 


By W. N. BAILEY (Manchester) 
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1. THERE have been published three proofs of Dixon’s theorem 


Rr ¥ b, "] 
ol 1+e—6, 1+e-—c 
_ Tdl+ta)P(1+a—b)P(1+a—c)P(1+3a—b—c) (1.1) 
~ Dd+a)Pl(1+4a—6b)P(1+ 4a—c)P(1+a—b—c) : 
The original proof given by Dixon* involved the use of integrals of 
Pochhammer’s type, and was long and involved. The second proof 
was given by Dougall} and independently by Ramanujan,{ both of 
whom deduced the theorem by a limiting process from Dougall’s 
theorem for the sum of a well-poised terminating series of the type 
,f,. A simpler and more direct proof was given by Watson§ who used 
double series together with the theorems of Gauss and Kummer for 
summing the ordinary hypergeometric series with arguments +1. 
All these proofs are quite different from one of the standard 
methods|| of deducing Gauss’s theorem from a relation between 
contiguous hypergeometric series of the ordinary type. In this paper 
[ give an analogous method of proving Dixon’s theorem. 


2. We begin with the formula 
a+1, 6+1, c+1; | 


} 1—z).f, 
ao(1—z)s | 1+a—b, 1+a—c 


a b Cc; 
= (a—2c)(a—b—c),F,| ™ ed ing 
(a—2c)(a—b ea 1+a—b, l1+a—c | 


> ia a, b, c+1; 
—(a—o(a—2— 20) | 1+a—b, a—c ~ 


which can be proved very easily by comparing the coefficients of x” 


* A.C. Dixon, Proc. London Math. Soc. (1), 35 (1903), 284-9. 

+ J. Dougall, Proc. Edinburgh Math. Soc. 25 (1907), 114-32, (14). 

t G. H. Hardy, Proc. Cambridge Phil. Soc. 21 (1923), 492-503, (3.2). 

§ G. N. Watson, Proc. London Math. Soc. (2), 22 (1924), xxxii—xxxiii. 
See, for instance, Whittaker and Watson, Modern Analysis, § 14.53. 


3695.8 I 
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on the two sides. Now make x > 1, and change c into c—1, and we 


get 


a b "a 
as y e 
| l+a—b, 1+a—c | 


__ (1+3a—c)(1+a—b—c) R € b, oft (2.2 


ae (1+a—c)(1+4a—b—c)* | 1+e—6, 2+46—c 


provided that the series on the left is convergent.* 
By repeating (2.2) we obtain 


JF a, b, ec; 
“| 1+a—b, 1+a—c 


_ (1l+a—b—c), (1+ }fa—c), r|® b, c—N; 
~ (1+a—c),(1+4a—b—c),,* *| 1+a—6, 1+a—c+n 


and, making n > ©, we get 


JF, a, b, C: 
™ 1+a—b, l-+a—c 


l(1+a—c)I'(1+4a—b—c) , Ja, b; 
TT a fy —~Ai, 
l(1+a—b—c)I(i+4a—c) 1ta—b 


provided that the series on the right converges. This series can be 


summed by Kummer’s theorem and the result follows. 

The proof requires that R(b) < 1, but this condition can be re- 
moved by an appeal to the theory of analytie continuation. 

3. The formula (2.1) is a particular case of the formula 

; ,fa+l1, 6+1, c+1; 
ab(1—x),F, ree 

. d, e 
id, +, & 
(d—c—1)(e—c—1),F, "2|— 
d, e 


—(d+e—a—b—c—2)(e— sh b, 
is te 
b, 


é 


-1(e—b—1)—e(c d+1)}sh|” , 


‘al, (3.1) 


which reduces to (2.1) when d l+a—b, e l+a-—-c. When 
d =c+1, (3.1) reduces to one of the relations between associated 
hypergeometric series of the ordinary type, from which Gauss’s 
theorem can be deduced by the usual method. 

* When x — 1, it is evident that the left-hand side of (2.1) tends to zero 
when R(a—2b— 2c) > 1, in which case the ,/, converges for x 1. The proof 
that this is still true under the wider condition R(a—2b—2c) > 0 is identical 
with the argument used in the proof of Gauss’s theorem. 
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1. THE main purpose of this note is to give new and simple proofs of 


the formulae 
(a), 2° F(a+n,b;c;x) = D"[xt+"- F(a, b;c;x)], (1.1) 
(c—n),, a°-1-" F(a, b;c—n; x) = pase : 
(a),,(b),, F(a+n, b+n;c+n;2) = (c), D"| F(a, b;c; x)], 
(c—a), a°—-¢-1(1—a)*+9---" F(a—n, C; iat 
= D[ac-4+"-1(] —x)*+>- F(a, b; c; x) ], 
(c—n),, x°-1-"(1 —a)¢+6-c-" F(a—n, b—n;c—n;2) 
= D"{at-(1—x)*”~ F(a, b; c; x)], 
(c—a),,(e—b), (1—a)*+9"-" F(a, bs c-+-; x) 
= (c), D"[(1—a)*+"~ F(a, b; c; x)], 
(—1)"(a),,(e—b),, (1—ax)* 41 F(a-+-n, b; c+-n; x) 
= (c), D"[(1—a)**"-1 F(a, b; c; x), 
(c—n),, x°-1-"(1— 2)? F(a—n, b; c—n; x) 
whee Dsl = D"[x-(1—x)’~+" F(a, b; c; x)], (1.8) 

The formula (1.5) is a well-known result due to Jacobi.* The 
formulae (1.1) to (1.6), apart from (1.3) and (1.5), were given recently 
by Poole,} and (1.7) and (1.8), the latter in an incorrect form, were 
given as a postscript to the same paper. 

In this paper I give extremely simple proofs of the first six formulae, 
and rather less simple proofs of the last two. 

2. The proofs of (1.1)—(1.3) simply consist in expanding F(a, b; c; x) 
in powers of x and performing the differentiations term by term. 
Now transform (1.1) by using the formula 

F(a,b;c;x) = (1—x)*-*F(c—a, c—b; c; x), 2.1) 
and we obtain 
(a), 2¢-1(1—ax)°-4->-" F(c—a—n, c—b; ¢; x) 
D"{x¢+"-\(1—a)°-* F(c—a, c—b; c; x)], 
* C. G. J. Jacobi, Werke, vi. 191-3. Itis more usual to write the formula 


with a+-n, b-+-n, c-+-n instead of a, b, c. 


+ E.G. C. Poole, Quart. J. of Math. (Oxford), 6 (1935), 214-16. 
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and this is simply (1.4) with an obvious change of notation. The 
formulae (1.5) and (1.6) can be derived from (1.2) and (1.3) in a 
similar manner. 

Now write « = 1—y, and denote d/dy by D,. Then, using the 
formula expressing F(a,b;c;x) in terms of functions with argument 
1—2, we have 
D"{(1—x)**"-1 F(a, b; ¢; x) | 

I\(c) "(ec—a—b) ; 
— (—])"pn yttr-1 F(a, b;a+b+1l—e;y)+ 
( ) temo)” ( 79 T + y) 


D(c)'(a+6b—c) s.ni97 
| c—b+n 5 amp? |e —p: : 
+ Tar) y F(c—a,c—b;1+c—a—b;y) 
and by (1.1) this is equal to 


("| Few —a—b) 


a1 Aig b:ec: ae 
P'(c—a)I(e =p) ny Fan, b;¢;y)-4 


re Tare (c—b),, y°-4F(c—b-+n, c—a; 1+c—a—b; »| 
(~ c—b) 


a P "(1—a)*-1F (a+n, b3;c+n;2), 


(C)n 
and this proves (1.7). Similarly we can derive (1.8) from (1.4). 
3. Instead of using (2.1) we can use other transformations of 
hypergeometric series, for example 
F(a,b;¢c;x) = (l—x)-*F{a, c—b;c; —a/(1—2x)}. (3.1) 
Using this with (1.1) we get 
(a), x?-1(1—ax)-*-" F{a-+-n, c—b; c; —x/(1—x)} 
= Df at+-1(1—2)-*F{a, c—b; c; —x/(1—2x)}], 
or, with a change of notation, 
(a), 7¢-1(1—ax)"+1F (a-+-n, b; c; x) 


= {(1l—x)?D}"[at+"-1(1—2)!-" F(a, b; c; x) ]. (3.2) 


f 
t 
Similarly from (1.2) and (1.3) used with (3.1) we derive the 


formulae 
(c—a—n), 2°-1-"(1—ax)>-¢+1 +" F(a—n, b; c—n; 2) 
= {(l—x)?D}"[ae-(1—2x)?*+1 F(a, b; c; x)], 
(a),(c—d),, (1—ax)**" F (a-+-n, b; c+-n; 2) 
= (—1)"(c),{(1—ax)?D}"[ (1—a)*F (a, b; ¢; x)], 
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and from (3.2) and (2.1) we obtain 
(c—a),, 2°-¢-1(1—x)2+6-+1 F(a—n, b; c; x) 
= {(1—ax)?D}"[ae-4+"-1(]1 —a)t+o-¢+1-" F(a, b; c; x). (3.5) 
In the same way, by using (3.1) with (1.7) and (1.8), we derive the 
formulae 
(a),,(b),(1—2)"*1F (a+-n,b-+-n;¢-+-n; 2) 
= (c),{(l—ax)?D}"[(l—ax)!-" F(a, b; ¢; x), (3.6) 
(c—a),,(c—b), (1—a)*+9-+1 F(a, b;c+-n; 2) 
= (c),{(1—a)2D}"[(1—a)*+>+1-" F(a, b; c; x), (3.7) 
(c—n),, 2°-1-"(1—a)" +1 F(a, 6; c—n; x) 
= {(1—a)*D}"[ae(1—a)!-" F(a, b; ¢; x)], (3.8) 
(c—n),, 2°1-"(1—2)* +1 F(a—n, b—n; c—n; x) 
= {(l—a)?D}"[ae-(1—a)4 +b—c+ 1—n F(a, bse; x)]. (3.9) 
4. It is natural to inquire whether any of the above formulae 
can be extended to series of order higher than that of the ordinary 
hypergeometric series. Evidently (1.1), (1.2), and (1.3) can be ex- 
tended to series of any order, but there are no transformations like 
(2.1) and (3.1) for such series, and so we cannot expect to obtain 
extensions of the other formulae. We can, however, use Poole’s 
method to obtain a generalization of Gauss’s theorem (extended by 
Riemann), that any three series of the type F(a+1,b+-m;c+n;2), 
where /, m, » are integers (positive or negative), are connected by 
a linear homogeneous relation with polynomial coefficients. For 


example, if 
7 +| a, b, C; 7 7 a+l, b, C; 
I 1A F x], Fi+ = sho F ” #1, 
d, e i d, e 


and § = ad/dz, it is easily shown that 
aF,,. = (6+a)F, (4.1) 
(e—1)F_ = (8+e—1)F, (4.2) 
(d—a)(e—a)F,_ 
= [{8°+8(d+e—a—1)+ (d—a)(e—a)}—2(5+-6)(8+¢)]F, (4.3) 

afabc—e?(a+b+c)+e}F,, 
= e[6(5+d—1)—a{s*+8(a+b+c—e)+be+ca+ab— 

—e(a+b+c)+e}|F. (4.4) 
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By repeated applications of these and similar formulae, and by 
use of the differential equation satisfied by F, it is evident that the 
associated series 

atl, b+m, c+n; 
F + ? i > x|, 
d+p, e+q 

where J, m, n, p, q are integers, can be expressed in terms of F, 5F, 
58°F. From four relations of this type we can eliminate F, 6F, 3°F, 
and we see that between any four associated series of the type ,/, 


there is a linear homogeneous relation with polynomial coefficients. 
A particular case of one such relation* is used in the preceding paper 


to obtain a new proof of Dixon’s theorem. 


* p. 116 (3.1). 








A TYPE OF ‘MAGIC SQUARE’ IN TARRY’S 
PROBLEM 


By J. L. BURCHNALL (Durham) and T. W. CHAUNDY (Ozford) 
[Received 19 March 1937] 


1. Introduction 

TarrRy’s problem has been recently discussed in this Journal by 
E. M. Wright (1, 2, 3), who gives the necessary references (1). Of 
these the most germane to this paper is Dickson (4). For our present 
purposes the problem consists essentially in the solution, in integers,* 


of the system of equations 


> a a Sy (k = 1,2,...,m). (1) 


Wright discusses, for given m, the least » for which an integer solu- 
tion of these equations can be found. Now, the equations imply 
(and are implied by) the equivalence of the corresponding elementary 
symmetric functions in x and y respectively of orders up to m in- 
clusive. Evidently m cannot be as great as n, for then every such 
function of 2 would be equal to the corresponding function of y, 
so that (x,) and (y,) would each be the set of roots of the same n-ic, 
i.e. would be merely a rearrangement of each other. This is rejected 
as a trivial solution. Thus, for given n, the greatest m than can give 
a non-trivial solution is m = n—1. This optimum? case is the only 
one we shall consider. 

In this optimum case the x’s and y’s are respectively the solutions 
of two n-ics. , , 

B (a) = 0, } (y) = @ 
which differ only in their constant terms, 
i.e. X(t)—Y(t)=c, say. 
Hence, for every 7 and every 8, 
X(y,) = ¢, Y(z,) = —c, 

* Or in positive integers. For the reason given at the end of this section we 
can always convert an integer solution into a positive-integer solution. 

+ Wright takes m as his fundamental number, whereas we have taken n, 


so that his minimum is our maximum, and we have therefore chosen the term 


‘optimum’. 
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n 


IT (%,—Ys) = —C 
r=1 . 


n 
II (z,—y.) = (—)"e 

Thus the square array formed of the differences x,—y, has the 

properties: 

(i) the product of the elements in each row (column) is the same, 
row-product and column-product being equal if n is odd, or equal with 
changed sign if n is even; 

(ii) in any two rows (columns) the algebraic difference of the elements 
occupying corresponding places is constant for those rows (columns). 

In view of these properties we have allowed ourselves to call such a 
square a ‘magic square’. Evidently, then, every solution of Tarry’s 
equations in the optimum case 
n 
>#=>y (k = 1,2....,.n—1) 


7 
r=1 r=1 


gives such a ‘magic square’, and conversely any such square gives a 
solution of the equations (3). 

In such a square the elements are not all of one sign, since, for 
example, the first equation of (3) shows that the sum of the elements 
in the principal diagonal vanishes. We see too that the solution is 
essentially given in terms of the differences only of x, y: this is right, 
since Tarry’s equations (1), if they have a solution (w,,y,), have also 


the more general solution (x,-+-+-h,y,+-h) for any h.* 


2. The symmetric solutions 
The possibility of two specially symmetric solutions should be 
noted. If ” is odd, we may, by imposing the supplementary condi- 


tions y.=—2z, (r= 1....,n), 


reduce the equations (3) to the system 


n 
Yak =0 (k= 1,3,...,.n—2). 


r=1 


The pair of elements x,—y,, x,—y, are then equal, and the square is 

* For this reason a solution in positive integers does not differ essentially 
from a solution in integers, since we can always choose h large enough to make 
every x, y positive. For some purposes it might be advantageous to define 
a ‘standard’ solution in which h had been chosen so that } « = 0 = & y. 
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axi-symmetric. If n is even, the supplementary conditions 
Cn+i-r = —%,, Ynti+r = —Yr (r= 1,..., 3m), 
reduce the equations (3) to the system 


n/2 


Se#=S¥# E= 
1 


1 


The pair of elements 2,—y,, %,4)--—Ynsi-s, Which are images in 
the centre of the square, are then equal but of opposite sign, and 
the square is centrally skew. Most of the known solutions of 
Tarry’s problem correspond to one or other of these symmetric 
forms. 

The property (i) of the magic square shows that the same prime 
factors must occur, differently distributed, in each column and in 
each row. For purely numerical solutions of equations (3) the law 
of this distribution is not very apparent and, in the hope of further 
elucidation, we have considered more especially solutions of the 
equations (3), which express x, y as rational (integral) algebraic 
functions of suitable parameters.* In particular, we have looked for 
a general algebraic solution, i.e. a solution obtainable by deduction 
from the original equations, which must therefore embrace all 
possible solutions. Parametric solutions of the ‘optimum’ case 
appear in the literature for n = 2, 3, 4, 6, and numerical solutions for 
these values of n and for n = 5, 7, 8. We have succeeded in obtaining 
parametric solutions of more or less generality for all values of n up 
to 8. To the natural question as to whether the method may furnish 
a solution of the hitherto unsolved cases n > 8 we must reply that it 
has not at present done so, and that the algebraic difficulties in the 
way of such solution seem considerable. The following are such 


results as we have been able to obtain. 


3. The square of order two 
For completeness’ sake we begin with n = 2, which has the general 


solution ; 
X4—Y, = —(%—Y2) = 4, say, 


%1—Y2 = —(t—y4) = b, say. 
* The property (i) is also convenient for the purely practical purpose of 
verifying an alleged solution of Tarry’s equations, since the numbers to be 


calculated are much lower than in the direct substitution, and the multiplicity 
of checks shows up mere arithmetical errors. 
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We can thus write the corresponding square as 


the general solution being necessarily symmetric. 


4. The square of order three 
For n = 3 we have the solution 
ap br cq 
bq cp ar 


cr aq bp | 


where a+b+c = 0, pt+qtr= 0. 


(9) 


(10) 


We see at a glance that the product-properties (i) hold for the square 


(9). In virtue of (10) we have 


ap—br = bg—cp = cr—aq, 


and so, by the symmetry, the differences are also equal for other 
columns and rows. The difference-properties (ii) therefore hold 


ar \ 
for (9). 
It can be shown that (9) is the general square, for, writing 
(rs) = 2,.—Yg, 
we must have in any square 


(11)(12)(13) = (11)(21)(31), 


since, by (i), product of first row = product of first column, 
i.e. (12)(13) = (21)(31). 
We can thus write 


(32) = Or, (13) = 49, (21) = bq, (31) = er. 


Then, defining a, p as in (10), we have, since } x = > y, 
(22) = —(13)—(31) = cp, 
(33) = —(12)—(21) = bp, 
(11) = —(2: 


Finally, 


(11) 
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The axi-symmetric solution is deduced (if required) by 
2q = 2r = —p: it is 





5. A square of order 


From (9) we can construct a square for n = 6 in the form 


| a(q—r) c(p—q) : (b—a)r (a—c)q 
|b(p—q) e(g—r) a(r—p) (c—b)q (b—a)p 
b(q—r) . (a—c)p (c—b)r 


bir—q) a(q—p) 
(a—b)p a(p—r) c(r—q) 
(c—a)q c(q—p) b(p—r) 


where a+b+c = 0, pt+qt+r = 0. (14) 


The product-properties ho'd, since they hold for the constituent 
quarter-squares. The difference-properties hold for each _half- 
column and half-row: we have only to show that the differences are 
the same for the two halves of each column, and so for the rows. For 
the first two columns these differences are 


a(q—r)—b(r—p), (a—b)q—(b—e)r, 


which are equal in virtue of (14). It follows by symmetry that the 
other corresponding ‘half-differences’ will be equal. This square 
(13) is symmetric, but is (presumably) not the most general sym- 
metric square of order six, for, from its construction, the solution 
satisfies the condition 


(X—Y1) + (%p—Yo) + (X3— Ys) = 9, (15) 
which is not deducible from the symmetric equations (3). 

We have been unable to solve the equations (3) for n = 6 without 
attaching to them a restrictive condition equivalent to (15). More- 
over, we have failed to extend to squares of higher order this device 
of constructing a square of order 2n out of suitable squares of 
order n. 
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6. The square of order four 


For n = 4 we have the square 


p(q+r)(ps—qr)  —gr(p+s)e — —8(p-+r)(gs—pr) —(q+s)= 
gqs(p+r)o p(q+s)(qs—pr) (q+r)= —r(p+s)(ps—qr) | 

r(q+s)(qs—pr) —(p+r)z —q(p+s8)(ps—qr) —ps(q+r)o 
(p+s)x 8(q+r)(ps—qr) pr(q+s)o —q(p+r)(qs—pr) 


(16) 


where o = p+q-t+r-+s, xX = qrs+rsp+spq+pgqr. (17) 

This is the general solution; for use the notation (11) and write 
R,, C, for the products of the rth row and the sth column. Then 
R, R, = C,C, gives 

(11)(13)(31)(33) = (22)(24)(42)(44), 
and we can therefore write 
(11)= pa,  (22)=pB, (33) = qy, (44) = 9, 
(13) = 96, (24) = ry, (31) = rp, (42) = 8a. 
From 
(11)+(33)+(42)+-(24) = 0, (22)+-(31)+-(44)+(13) = 0 
we obtain | 
(p+s)a+(q+ry=0, — (p+r)B+(q+s)8 = 0, 
so that, for some A, p, 
x= (gtr), B=(g+s)n, y= —(pts)r, 8 
But (11)+(22)+(33)+(44) = 0, 
and so p(a+B)+¢q(y+5) = 0, 
i.e. A(pr—qs)+p(ps—qr) = 0. 
Hence, sufficiently, we may write 
A = ps—qr, pe = gs—pr. 
This completes the determination of half the elements of the 


square, let us say those ‘on the black squares’. To determine the 
1 , : | 


elements on the ‘white squares’, substitute for the known elements 
in R, = —C,, R,= —C,. We can then write, for some 0, 4, 
(12) = Ogr(p+s), (34) = Ops(q+-r), 
(21) = dgs(p+r), (43) = dpr(q+s). 
But (12)-+ (21)+-(34)+-(43) = 0 
and so 6+¢4 = 0. 
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Thus (12)+(21) = Opq(r—s). 
Again, (12)+-(21) = (11)+(22) = —pq(r—s)o, 
and so @= —o. This gives (12), (21), (34), (43) and we complete 
the square from the difference-properties. 
If in (16) we write p = q, we get a symmetric square of order four. 


7. The square of order five 
The axi-symmetric square of order five can be shown in the form 





2pP (ps—qr)Q (p—q)sR ~(r _ s)S qrT 
(ps—qr)Q —2q(r—s)R rs —psT —(p—q)P 
(p—q)sR rs 2(ps—qr)T —qP p(r—s)Q |, (18) 
—(r—s)S —psT —qP —2(p—q)rQ —(ps—aqr)R ! 

qrT —(p—q)P p (r—8)Q —(ps—ar)R 208 “208 | 





where, for brevity, we have written 
P = ps?—2qrs+qr?, Q = ps—qr+4qs 
S = p*s—2pqr+q’r, R= ps—qr+pr }. (19) 
T = pr—qs 
It is readily seen that (18) is the general axi-symmetric square of 
order five. For the appropriate equations (5) are now 
Sx, = 0, pe == 0, (20) 
r r= 
In the first of these we can put 
Ly Tyr%y Lo+Xs 
Pp -d @?P | 


Ly  UygtH%, X%+2, | 


8 a fF 


We can use these equations to express #», x3, x, in terms of x,, 2;, and 
then substitute in the second equation of (20). After reduction, this 
gives, in the notation of (19), 
33Sa?2,+3pPx, x2 = 0, 
so that, rejecting x, = 0 = x;, we may sufficiently write 
e, = gf, z, = —<as. 
The values of a, 23, x, follow from (21) as 
%, = —q(r—s)R, XL, = —r(p—q)Q, 
XL, = (ps—qr)T, 


and the square (18) can now be constructed. 
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8. A second square of order five 
We have also been able to construct a restricted square of order 
five, less symmetric than (18). To do this we write 
t= —Yp % = —¥s (22) 
in the general equations (3). The equations corresponding to k = 2, 4 
then become ‘ ‘ 4 


4 
> % = Dy = DUP (23) 


7 = T=<6 r 
which are the defining equations, similar to (7), of the symmetric 
(centrally skew) square of order 6. For the solution of these equations 
(23) we use the most general form we know, namely that represented 
by the square (13). The signs of x,, y, are undefined by (23), and we 
assign them in such a way that we find, in virtue of (13), that 
Lap % = Xz, Yo Ys = Ys: (24) 
Alternatively, we could solve (3) for the case n = 5 by imposing on 
them (22) and (24) as ‘reducing’ conditions. In either case we at 
length reach the parametric solution* 
— pq(r?-+-rs — 2s") +-q?r(r—s) 
—p*s(r—s)+-pq 
p*r(r—s)—2pqs 


9 


r?— 2rs—s?)—q*r(r+s) 


( 
( 


r+s)—q*r(r—s) 

= ?(r2—s8?)— pq(r?+-s”) + 2977s 

= p*s(r—s)+- pqs(r-+-s)—2q?rs 

: pq(r?+-rs— 2s?)—q*r(r—s) 
p*r(r—s) + 2pqs*—q*r(r-+-s) 


> 1 9 


p?(r?—s*)— pq(r?+ 2rs—s*) — 2q*rs 

p®s(r—s)—pq(r-+8)?-+-9°r(r—s) 

— p*s(r—s)— pqs(r-+-s)+-2q?rs 
From (25), (26) we construct the square as 


2q(r—s)P rp—q)T —(p+q)(r-+s)R psS (ps—qr)Q 
s(p+q)T P(r+s)Q —(p—q)(r—s)P —2(ps—qr)R qrS 
prs 2qsP —(ps—qr)Q (p—q\r—s)T (p+q)(r+s)R 
(p—q)\(r+s)R (ps—gr)S 2qsT (p+q)rQ p(r—s)P 
(ps—qr)Q (p+q)(r—s)R prs q(r+s)P 23(p—q)T 


(27) 
* The p, q, 7 of (25), (26), (27) are not, of course, the p, g, r of (13). Here 


, 7, ’; 8 are all independent, the ratios p/q, r/s forming two distinct absolute 


parameters. 
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where now we have written 
P= R+3ps, Q=R+3qs, S=R—3qs, T= R+3¢r \. (28) 
R = pr—ps—gqr 
We may note that the square has a certain symmetry about its 
centre, in that interchange of p with r, and q with s also interchanges 
suffixes 2, 4, and, with change of sign, suffixes 1, 5. We may also 
note in the square that, in the notation (11), 
(31) = —(53), (13) = —(39), 
and so 
(32)(34) = (23)(43),  (21)(25)(41)(45) = (12)(52)(14)(54). 

These relations offer an alternative method of obtaining (27) along 
lines similar to those used in § 6 for the square of order four. 

For the square of order six we have no solution other than that 


given above in (13). 


9. The square of order seven 

For the square of order seven we have nothing more general than 
an axi-symmetric solution depending on a single absolute parameter. 
To obtain this we write 


% K(v+w—u), «r= }w+u—v), rw, = }(u+v—vw), (29) 
Ugt%s5 +X, = 0. 

It is then found that the defining equations (5) of the axi-symmetric 

solution are satisfied if 


9 


. oe — aay 2 | m2 p2 __ a2 921 ayy2 
44%%_ = Uvw, egtaptag = u*+v*+w%, (30) 
We satisfy the first of these by writing 
qi, = Tu, 1X, = pv, pr, = qu. 
The second then requires 
2 272(q2__ x2 PE a eae PP ee ee 
vy Pg? —1") +25 Grr? —p*) +a r*p*"(p*—q") = 0. (31) 
This is clearly satisfied by 
x = ¢f, 2 = 9, ze = ¢, 
Without loss of generality we can write 
hi. = fF, i, = 9, t= ¢, 
so that (29) is also satisfied if we impose on p, qg, r the condition 


ptqt+r = 0. (32) 
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This leads to a trivial solution, but the other solution of the quadratic 
system (29), (31) is now rational. This other solution at length gives 


= rp(r—q)(p?+4qr), XL, = —1(p*—2p*q?+-q*r?) 
X= pylp—r\(g+rp), x = —p(g'—2q*r?+1r*p?*) | (33) 
ts, = gr(q—p)(r?+pq), —- % = —4a(r*—2r*p?+-p*q”) 
Xz = —(gr+rpt+pq)(qr?+rp*+ pq") } 
If we take p, g, r = 2, 1, —3, we get the solution 24, —50, 33, 51, 
—38, —13, —7 originally due to Eric Phillips.* 


The corresponding square is 


—2rp(q—r)P —pk’ —rQ’ —r(r—p)(p—q)Q 
—ph’ —2pq(r—p)Q —qP’ —6P 
—rQ’ —qP’ -2qr(p—q)R / 
—r(r—p)(p—q)@ —6P rps 
pegs —p(p—q)(q—r)R —6Q 
—OR qr's —q(q—r)(r—p)P 
qP’ rQ’ pR’ 
prs —OR 
—p(p—qy(q—rn)R qr's rQ’ 
—O6Q —q(q—r)(r—p)P pR’ 
qk’ pQ’ giq—r)R |, (34) 
—2pQ’ El r*(r—p)P 
atl —2qR’ p*(p—q)Q 
r(r—p)E p*(p—qg@ — 208 


where now we have written 
P = p*+¢@qr, Q = ¢-+7p, R= r*+pq 


9 


P= p—2pPt+_¢r, VY = f—2¢r? +r p?, R’ = r*—2r?p?-+ pq \ 
— § = qr+rp+p9, 6 = gr +rp*+p¢_" } 
(35) 


and, of course, pt+qtr = 0. 
It is possible to devise other rational solutions of the quadratic 
system (29), (31), but they give less simple alternatives to (33), (34). 
We may notice too that (31) is also satisfied by xj = q-*, #2 = r- 
= p~*, so that we could build another solution on 
p*+qitrt=0 
* Cf. 2,44. The form given there has to be diminished everywhere by 52 to 


reduce it to our form in which x, = —y,. 
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in place of (32). This solution is formally but not essentially different 
from (33), since we can clearly derive it by writing r-!, p-1, q- in 
place of p, qg, r. Other formally-different solutions are, of course, 
obtainable by interchanging two of p, q, r. 


10. The square of order eight 

We derive a symmetric solution for the square of order eight, 
depending on one absolute parameter, from the symmetric square of 
order five in the following way. If s,, p, denote respectively the sums 
of powers and the sums of products of order r of five arguments 
X4,...,%5, we have the elementary relation 

8¢—P1 85+ P284—P383tPs82—P5 81 = 9. 
Hence, if p,(= s,) = 0, two such systems (x), (y) which have s,, 85, 
83, 84, P1, Pos P3, Py the same will also have s, the same. Hence, if 
(Vy 5-045 U53 Yq 
five in which 2, +2_+ay+2,+2, = 0, (36) 
we have > at = > yr (k = 2,4,6). 
r=1 r=1 
If, in addition, x+y; = 9, (37) 
these equations reduce to 
4 4 
Lur= Ly (k= 2,4,6), 
r=1 r=1 

a solution of the symmetric equations (7) of order eight. 

Since Tarry’s equations (3) are unaltered by adding h to every 
argument, and since any pair of arguments x,, yg can be taken as 
X;, Y; in (37), we satisfy these two conditions (36), (37) if we can find 


h such that simultaneously 
5 
5h+ > x, = 0, 2h+2X,+yg = 9, 
r=1 


i.e. if ty+Yp = 3 > 4, (38) 
for some a, f. 
Turning to the asymmetric square of order five and its solution 
(25), (26), we have 
> x, = etys = {(r—s)p—(r+8)g}{(2r+8)p+9r}, 
%_-+Y2 = {(r—s)p—(r-+8)q}{(r—s)p-+ 2qr}. 
Writing then LetYo = F(%3+yYs) 
we reject (r—s)p—(r+s)q = 0, 


3695.8 K 
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which gives a trivial solution, and take, sufficiently, 
p = 8r, g = —(r—7s). 
Removing the common factor 3r(r+-s), subtracting 9r?—14rs—7s* 
from each argument, cancelling x, y, which are now numerically 
equal, and writing (for brevity) A in place of r/s, we have, in effect, 
the solution 
+a = 6A2+10A—28, 12A?—18A—14, 
152—28A+21, 9A2—32A-+-7 
+y 12A—38A+14, 15A?—24A—7, 
6A7—14A+28,  9A?+4A—21 
Putting A = 2 we have Tarry’s solution* 
+16, +2, 425,421; +14, +5, +24, +23. 
The corresponding square is centrally skew, and it is therefore 
sufficient to give only the first four columns, namely 


6(A—1)(A—7) (A—3)(9A—7) 8(3) — (3A?— 6A+7) 
4(5A—7) — (3A2— 6A+7) 2(A—3)(3A+ (A—7)(3A—1) 
(A+ 1)(3A+7) —4(A—7) 9A? } 2(A—3)(3A—7) 
(3A2—6A+7) 2(A—1)(3A+7) 3(A4 . —tigi—7) 
7(A—3)(3A—1) — 8A(3A—7) 3A—5)(5 2(9A2— 14A—7) 
(3A—5)(9A—7) — 2(3A—1)(5A—7) 7(3A2—6A-+ -24X(A—1) 
8A(3A—7) 3(9A2— 14A—7) 2 —7(A+1)(3A—5) 
2(9A2— 14A—7) — 7(A+1)(3A—5) 4X(: (3A+ 7)(5A—7) 


(40) 
Another solution, apparently distinct from (39), is 
ba = 2142+27A—12, 1442—29\—16, 


35 247 — 8 28 —— —2 
35\2-L7A-+48, 8\2—A—20 (41) 


21\2—27A—12, 28\2+ 29\—8, \ 
1442+-7A+-20, 35dA?+-A—16 


and other such solutions are obtainable. 


* Compare 2, 44, where we diminish each number by 26 to obtain the 
symmetrical form given here. 
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1. Let z = re’®. Consider the region A(«) of the plane defined by 

OQ] <a, 0<a<cz7, (1) 
where « is fixed in any particular discussion. Let f(z) be a function 
regular in the closed region A(«) except maybe at z = 0 where it is 
continuous as z > 0 remaining in A(«). Let 

M{r, f, A(x)} = max|f(z) 
as z varies in the sector common to A(«) and the circle |z| < r. The 
order p, the type k{f, A(a)}, and the Lindeléf’s function h(6,f) are 
defined by the relations 

= , loglog Mir, f, A(a)} —) 

r poet logr 

bff, A(a)} = fim 08 Mir f Ao} 


ro rP 


i0) 
(0, f) = tim 28lUtre" ([8] <a) | 





roo 
When f(z) is an integral function we write k(f) = k{f, A(z)}. Through- 
out this paper it is supposed that 0 < p< oo and &{f, A(a)} is 
finite.* 
1.1. Let {A,,} be a sequence such that 
O0< A, Sess SA, ~ 


as n> 00. Let n(r) denote the number of these A,,’s not exceeding r. 


If 
. ar 
lim oF D, 
n>o 7 
we say that {A,} is measurable of order p and density D. When 
o = 1, the index of condensation? 4 of {A,,} is given by 
] 


§ = lim vlog vA) (3) 


* All the results of this paper hold if, instead of p, we work with any 
Lindeléf proximate order p(r). For simplicity we have confined ourselves 


to the case p(r) p- 
+ The index of condensation of {A,} can be defined directly and shown to be 
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where o(z) = I] (1 —5}. (4) 


When p + 1, we denote by 8(p) the index of condensation of {A% 
which is measurable of order one and density D. We always suppose 
D> 09%. 


1.2. The following result has been proved by Bernstein:* 


THEOREM A. Let {X,} be a measurable sequence of order one and 
density D; let its index of condensation be zero. Let f(z) be regular, 
of order one, and finite type in A(4z). Let h(4a, f)+h(—4n, f) < 27D. 
: ; YI 2 27; 2 


log | f(r)| 
r ; 


Then 1 
lim y log S(A,)| = 2(0, f) = lim 


noe n roa 
1.3. The proof given by Bernstein for Theorem A depends on the 
general properties of Dirichlet’s series. This paper contains a general 
result of which Theorem A is a special case [Theorem 2 below with 
= 1, 8p) = 8 = 0]. The proof is direct and simple and is based 
p p 
on an approximate interpolation-formula established in Theorem 1. 
The main result is contained in Theorem 2, from which several pro- 
erties of integral functions of order p > } are derived. This method 
] g p>? 
does not seem to apply to the case 0 < p < } which is treated by a 
different method. 
1.4. The following two lemmas give the requisite properties of the 
function h(0,f), and o(z) given by (4) which are used in the sequel. 
Lemma 1. Let f(z) be of order p and finite type in A(x) (a < z/2p). 
Then the function h(0, f) has the following properties: 
(i) if, for a single 0, in |0| < a, h(O, f) = —o, then h(0, f) = —oo 
for all 0 in \0|<a« and 
; 1 | id 4 
lim — log | f(re’’)| = —oo, (5) 
ro FP 

uniformly in |@} <a—yn (O< 9 < a); 

(ii) except in the case mentioned in (i), h(0,f) is continuous in 
given by (3) when {A,} is measurable. (See V. Bernstein, ‘Séries de Dirichlet’, 
Borel Tracts (1933), 22-7.) The index 6 is non-negative and is always zero 
when lim (A,—An_1) > 0. 

n—> 2 

* Bernstein, l.c., 235, Theorem 2. 

+ Ibid. 300-1, 279-81. The properties of h(6,f) when p = 1 are treated 
here. The general case can be reduced to this by a transformation of the 
form 2° = Z. 
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\0| < a; moreover, if H(@) = A cos 6p+ B sin Op where H(6,) = h(4,, f), 
H(8.) = h(0., f), o < 0,—O, < m/p, |0,;| < a, |0,| < a, then 
h(0,f) < H(0) (0: <8 < 4) 
h(0,f) > H(@) (\0| < a; 6 not in 0, << 8 < 4,) 
(iii) if « = 2/2p and h(z/2p, f)+h(—7/2p, f) < 0, then f(z) = 
Lemma 2. The function o(z) defined by (4) satisfies the relation 


(6) 


lim 


rx 


=ane= _ = 7D|sin 6} (7) 


uniformly in any angle not containing 0 = 0 or 7; given a positive « we 
can find a y = y(e) such that 
(8) 


- 


where |0| < y or |n—O0| < y. 

2. We first establish the following approximate interpolation 
formula: 

THEOREM 1. Let f(z) be regular, of order one, and finite type in 
\(a) (w < $n). Let {r,,} be a measurable sequence of order one, density 
D, and finite index of condensation 8. Let 

(i) h(a, f) << 7Dsina, h(—a,f) < 7Dsina; 


(ii) lim ~ log! f(,) —=-—d (>8); 


nm 


(iii) H(z) -& _ - ra ” "5 


Then po >0 thers as |z| oo im A(a). (9) 
Proof. Firstly, we note that 
A 
lim + hog fn) < —d+6 < 0, (10) 
n Ay, a(A,,) 
so that the series on the right-hand side of (iii) converges absolutely 
and uniformly except at the points z = A,. It follows that H(z) is 
regular in A(a). By using the method employed elsewhere* it can be 
shown that H(z) is of order one at most in A(a). First, let a < 4a. 
On 6=-+a, by (7), (10), |zH(z)| is bounded as |z|—0o, since 
hia, f) << _7Dsin« and h(—a,f)< a7Dsina. Hence, since H(z) is 
* J. Indian Math. Soc. (New Series), 2 (1936), 4-6. The method employed 
here should be supplemented by reasoning of the type used to prove theorems 
of Phragmén-Lindel6f type after splitting up the angle |6| < « into two con- 
venient parts. The details are not difficult though somewhat cumbersome ; 
hence they are omitted in the body of this paper. 
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of order one at most in A(a) and 2a < z, we conclude by a well- 
known theorem of Phragmén and Lindeléf,* that |zH(z)| is bounded 
uniformly in A(«) as |z| > 00. Hence H(z) satisfies (9) in A(«). Next, 
let «= 4. Here,} in virtue of Lemma 1 (ii), we can choose 7 
(0 < » < 3m), so that 

h(in—n, f) < wDsin($7—7), h(—3a+- 7, f) < mDsin($7—7), 
By what is already proved 9 re (9) in |@| < $7—7. On the 
sides of the angles }na—y <0 < —hn <0 < —4}n-+7, we find, 
as before, that |zH(z)| is ‘elliied « as |z| > oo and another application 
of the Phragmén-Lindeléf theorem shows that (9) holds in these 
angles as well. So the theorem is proved. 

2.1. We can now prove the chief result of this paper. We suppose 


be ae 


Pp => 2- 

THEOREM 2. Let f(z) be of order p and finite type in A(x/2p). Let 
{r,,} be a measurable sequence of order p and density D. Let 8(p), the 
index of condensation of {Ap}, be finite. Let 


(i) a(S. )+n(—. ) < 2nD, 
2p 2p 


(ii) lim x log|f(A,,)| = d. 
no n 
Then d (0, f) < d+ 8(p). 

Proof. We can suppose p = | since the general case can be reduced 
to this by a transformation of the form z? = Z. Therefore let p = 1. 
We can suppose without loss of generality that h(47, f) = h(—4r, f), 
since, otherwise, we can deal with the function 


g(z) = f(z jexp| 5, -(h(— 4a, f)—A(4z, f) )} 


for which h(47,g) = h(—42,g) = 3 h( 4x, f)+A(—3r, f)| while 
h(0,g) = h(0, f). 

It is evident that d < h(0,f). Let 8 be any number greater{ than 
d+8 where § = 8(1). Let F(z) = e-*f(z). Then 

h(4a, F) = h(4r,f)< 7D and h(—32, F) = h(-— 

* G. Valiron, Lectures on Integral Functions, p. 125. 

+ If for some 4), || <4, h(0,,f) 0, then h(0,f) = —o for all 
6 in |6| < 32, by Lemma 1, (i). Hence in this case the choice of y as desired 


can always be made. 
t+ When d = —, B can be taken to be any large negative number. 
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while lim + ogi F(A, = —B-+d. 


nwo A, 


But B—d > 6. Hence rit Theorem 1 (with « = $a 
2a - ra “s >0 (11) 


as |z| +00 uniformly in A(4z). Let C(p) denote the system of circles 
with centres at z = A,, and radii A,” (p > 1) so that > A,” converges. 
Then, for z in A(47) but outside the circles C(p), 


F(a 1 
> eo <A =A(p), (12) 
1 n n 


“i 


where A(p) is a constant depending on p. This is because B—d > 5. 
Hence, given a positive e, we conclude by (8), (11), (12), that 
|F(z)| < Pet, (13) 
where |0| < y = y(e) and P = P(p,e) is a constant depending on p 
and e while z lies in |@| < y but outside the circles C(p). If « be so 
small that 1—2cosy < 0, we get from (13), 
je F(z)| < P (14) 
for z in || < y but outside C(p). Since e-* F(z) is regular in |@| < y 
and > A,” converges, it follows by the maximum-modulus principle 
that (14) holds throughout |6| < y. Hence A(0, F) < 2e, so that 
h(0, f) < B+2e. Since ¢ is as small as we please and f is any number 
greater than d+-8, we get h(0, f) < d+6 which proves the theorem.* 
3. The following two theorems hold for integral functions of any 
finite order p > }. 
THEOREM 3. Let f(z) be an integral function of order p and finite type. 
Let {X,} be a measurable sequence of order p and density D. Let 3(p), 
the index of condensation of {AP}, be finite. Let 


i) h(0, f) < xD (=. <0< an— =, 


* T am indebted to a referee for pointing out that Theorem 2 may not hold 
for A(w) (a < 7/2p) when the boundary condition (i) is replaced by 
h(a, f) +h(—a, f) < 27Dsinap. 
That this may be the case is seen by considering exp(—fz)sinzz, B > 0, 
r,, = n,« < 4n, and p = 1. But under the above condition it can be proved 
that h(0, f) < max{0,d+8(p)}. 








136 V. GANAPATHY ITYER 

-, ao ‘ 

(ii) lim 5p 08 f(A,)| = —d, where d > 7D+-8(p). 

> Mn 

Then f(z) = 0. 

Proof. Since h(z/2p, f) < 7D, h(—7/2p.f) < 7D, Theorem 2 gives 
h(0, f) < —d+8(p) < —zD. Using this and Lemma I (i) or (ii), it 
is easily seen that h(0, f) < wD for all in 0 < @ < 27. Let 


h (2.7) <B<aD and F(z) = e*f(z). 
Poy 


Then 


h(0,F) <<B—7D<0 and h (Z. F) = —B+h (7. < 0. 
p p 
Hence F(z) = 0 by Lemma 1 (iii). Therefore also f(z) = 0. 
3.1. THEoREM 4. Let f(z), {A,} be as in Theorem 3. Let 
lim = log|fi(A,) = —d. 


n—>co Ay 
Then k(f) > min{fd—8(p), 7D} or else f(z) = 0. 
Proof. Let » = min{d—8(p), 7D}. If 7 < 0, the result to be proved 
is trivial. Let » > 0 and k(f) < 7». Then 


h (zs) +4(-Z.4) < 2k(f) < 2n < 27D 
2p 2p 
so that, by Theorem 2, 
h(0, f) < —d+8(p) < —». 
Let k(f)<B<ym and F(z) = f(z). 


Then h(0,F)<fB—yn <0 and n(”, r) < —B+4k(f) < 0. 
p 


Hence F(z) = 0 and therefore f(z) = 0, by Lemma 1 (iii). 


4. A special case of interest is when 5(p) = 0 which always happens 
when lim (A2—A?_,) > 0. Theorem 4 gives as a special case 
nx 
THEOREM 5. Let f(z) be an integral function of order p > 4 and 
finite type. Let {X,,} be a measurable sequence of order p and density D 


while lim (Ah—A%_,) > 0. Let 


n-1 
—s 
lim Y. 


n> “Nn 


Then k(f) > min(d, 7D) or else f(z) = 0. 


no 


log |f(A,,)| = —d. 
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4.1. Remarks. When p = 1, Theorem 4 becomes 
THEOREM 6. Let f(z) be an integral function of order one and finite 
type, {r,,} a measurable sequence of order one, density D, and index of 
condensation 5. Let 


lim + hog} [f(A,,)| = —d. 


n—->2 n 
Then k(f) > min(d—4, 7D) or else f(z) = 

In an earlier note I have proved* that under the hypothesis of 
Theorem 6, k(f) > min(d—25,7D). The result of Theorem 6 is 
sharper, for d—é > d—26 since 8 > 0. When 5 = 0 the difference 
between the two results does not appear explicitly. 

4.2. If the hypothesis that f(z) is an integral function be dropped, 
some boundary condition is necessary to get significant results. We 
~ state the following for p = 1. 

THEOREM 7. Let f(z) be regular, of order one, and finite type in A(4z). 
Let the following conditions hold: 


(i) — )+h(— 4x, f) < 20D, 


(ii) Flog. If(ty)| + log* If(— M ay be convergent, 
J y* 


(ii) Tim —log|f(A,)| = —c0, 


llth 
where {X,,} is a measurable sequence of order one, density D, and finite 
index of condensation. Then f(z) = 0. In particular, (i) and (ii) hold 
when f(+iy) = O(1). 
Proof. By (i) and Theorem 2 we get h(0,f) = —oo, so that by 


Lemma 1 (i) 


lim diog | fire) = —0oO, (15) 
ro & 


uniformly for |@| < }1—n, 0 < » < 4a. By using the properties of 
Green’s functiony for a semicircle, we get 
iar 
log| f(a)| < 2a lim [os fy dy +- = = log |f(re®) |cos 6 dé, 
a 3 4 -— 
“r —i (16) 


* See above, pp. 103-6. 
+ Cf. R. and F. Nevanlinna, Acta. Sci. Fennicae, 50, No. 5, 1-46. 
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where x > 0. By (15), we find that 
+t 


ee [ 
in 
ro 7 


© 


n—i7 


log | f(re®) |cos 0 dd = —oo, 


for 0 < » < 4m, while, by hypothesis, the remaining expressions 
in (16) remains less than a finite constant depending on 2 and 7. 
Hence log|f(~)| < —oo or f(x) = 0 for x > 0. Hence f(z) = 0. 

5. We now treat the case 0 < p < }. Since, here, 2/2p > 7, 
Theorem 2 and hence the reasoning employed to derive Theorems 3 
and 4 do not apply. But we can employ another method* I have used 
in several other places and obtain a result analogous to Theorem 4. 


THEOREM 8. Let f(z) be an integral function of order p (0 < p < $) 
and finite type. Let {X,,} be measurable of order p, and density D. Let 


w= FI(-9 


— 1 
and 5,(p) = lim YP log 


PD Ge | n) 


7 1 — 
Let him 0 8 F(A,) —d< 0. 


Then k(f) > min{fd—6,(p), 7D cosec zp} or else f(z) = 0. 


Proof. Let » = min{d—8,(p), 7D cosec zp}. If » < 0, the result to 
be proved is trivial. Let 7 > 0 and k(f) < ». Let 
F_{z) = 2fiz) (mm = 0, I, 2....). 


m 


Then lim RS log al 


adit tins r o(A,,) 


so that the series on the right of 


F(z) © F,(a,) 1 . 
H z)= 2. te m n l 7 
an” et wn 


< —d+8,(p) < —7 < 0, 


vt 


n=1 
converges absolutely and uniformly except at the points z = A,. As 
in the proof} of Theorem 1, we can conclude that H,,(z) is an integral 
function of order p at most. Sincet 
log o,(—r) ~ (7D cosec zp)r? 

* Cf. J. of London Math. Soc. 11 (1936), 247-50; J. Indian Math. Soc. (New 
Series), 2 (1936), 131-40. 

+ Cf. V. G. Iyer, J. Indian Math. Soc. (New Series), 2 (1936), 57-9. 


t Paley and Wiener, Fourier Transforms in the Complex Domain, p. 79. 
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as r +00, we find from (17) that 
H,,(—r) >0 
as roo since k(F,,) < » < wDcoseczp and 7 > 0. Hence by an 


application of the Phragmén-Lindeléf theorem we conclude that 
H,,(z) = 0, so that 
gm f(z) ->% nA a) “; (18) 
o,(2) £1 o,(A,) Z 


Let g(z) = ¢gt+e,z+c,27+ ... be any iii function of order p 
and type less than », so that 

. | | 2\P 

> Cm z r < ene (u . n). 


Then the double series 
1Crn rr f(A,,) 1 
o,(A,,) z—<,, 


(n,m) 


converges except at the points z = A,,. Therefore, (18) gives 


z)g(z)__  f(r,)gA,) 1 
z “= o(A,,) z—A, 


n 


In (19) we can take g(z) = 2™f(z) (m = 0,1, 2,...) so that we get 


2m[ f(z)? _ S AMLFAr) |? 1 (20) 


o,(2) = a,(A,) 2z—A, 
Starting from (20) we can repeat the process since d >0 and 


so —2d+58,(p) < —7, and prove successively that* 


f(z)? es n) ?P ] i 
x,(2) ~35 (21) 


A, 


where p = 1, 2,3,..... Now it is easy to see that the double series 


> | ror 
fy, \(e— 1)!0,,(A,,) Z—A 


p21 


converges so that (21) gives 


fies ef(2) => a 1 (22) 
=? 22 


Tp 


from which we el since 10. ») = O(1), &” = O(1), that 


* We cannot assert that (21) is true for p = 0, since 8,(p) may be positive 
or zero. 
+ Cf. the reference to the J. Indian Math. Soc. 2 (1936), 57-9. 
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f(z)e is of order p at most, which can happen only if f(z) is a poly- 
nomial and, since f(A,,) > 0 as A,, > 0, it follows that f(z) = 0. 

5.1. Remarks. The quantities 5,(p) as defined above and the index 
5(p) of {AP} are connected by the relation* 

5(p) = 5,(p)+7D cot zp. 
Since 0 < p< }, wDcotzp > 0 and therefore d—6,(p) > d—8(p) 
while 7D cosec zp > 7D. Hence 
min{d—8,(p), 7D cosec mp} > min{d—8(p), 7D}, 

so that when 0 < p < 3, Theorem 8 gives more precise information 
than the analogue of Theorem 4. 

5.2. The following special case of Theorems 4 and 8 is worthy of 


notice: 


THEOREM 9. Let f(z) be an integral function of positive order p and 
minimal type: that is, k(f) = 0. Let {A,,} be a measurable sequence of 
order p and positive density D however small. Let 5(p) = 0. Then 


lim slog Lf(A,.)| = Hf) = 0. 


ND My 
Dy ? 
I roof. Let re 1 
im >; log f(a,)| = —d. 
no A, 
Then —d < k(f) = 0: that is d >0. If possible, let d > 0. Then 
k(f) = 0 <d and k(f) = 0 < wD, so that k(f) < min(d, 7D) which 
shows that, when p > }, f(z) = 0 by Theorem 4. But in that case 
k(f) = —oo, which contradicts the hypothesis k(f) = 0. Hence d = 0 
when p > 3. If 0 < p < }, we get, similarly, if d > 0, 

k(f) = 0 < min{d—6,(p), 7D cosec zp} 

so that Theorem 8 gives a contradiction. 

5.3. Theorem 9 is closely allied to Faber’s result that, for an 
integral function of order one and minimal type |f(m)| > e-*” for 
any positive « and for almost all positive integers. The proof given 
by J. M. Whittaker} for the above result can be modified to show 
that |f(n?)|-> e-*" for any positive a and for almost all integers 
when f(z) is of order p and minimal type. Theorem 9 is a partial 

* ‘Some theorems on integral functions bounded at a sequence of points’, 


communicated to the London Math. Soc. 
{t Interpolatory Function Theory (Cambridge Tract 33), 57-9. 
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generalization when {A,,} replaces {n°}. It seems doubtful whether 
Theorem 9 can hold under the sole assumptions 

lim v7 >0O and &p) = 0. 

roo 

5.4. Conclusion. Let f(z) be of order one and finite type in 
A(a) (a < 4m). 
Let {A,,} be measurable of order one and density D; let its index of 
condensation be zero. Then, using Lemma | (ii), it is possible to 
find a constant b such that 
h(6, f) < h(0, f)cos 0+b\siné| (|| < a). (23) 

Bernstein derives Theorem A from the more general result that* if 


lim + log if,)! =d< hA(0,f), 
ROD Mg 
the least value of b in (23) cannot be less than 7D. It may be noted that 
this result also can be proved by using Theorem | on the same lines 
as the proof of Theorem 2. Putting F(z) = f(z)e” we have to 
show that if h(@, F) < 7D|sin@| ({@| < a), then 
h(0, F) = 0 = lim ~ log S(A,)|; 


PO Moe 


and this can be easily done by applying Theorem I to the function 
ef: F(z), B > 0 being arbitrarily small since d < h(0, F) = 0 and 
0. 


* Bernstein, l.c., Theorem I, p. 230. 











A FUNDAMENTAL LEMMA ON NORMAL 
COORDINATES AND ITS APPLICATIONS 


By R. E. TRABER, (Princeton, U.S.A.) 
(Received 16 March 1937) 


SecTIoN | of this paper contains a fundamental lemma on normal 
coordinates which can be described briefly by saying that any point 
P of a general space of paths admits a neighbourhood which can be 
covered uniformly by normal coordinates. In Section 2 it is shown 
how the lemma can be applied to give a simple demonstration of 
Whitehead’s convexity theorem, and in Section 3 a useful theorem 
concerning normal coordinates on a compact set is given. In each 
case it is found that the methods of proof have been both simplified 
and unified by the use of this lemma and the properties of normal 


coordinates. 


1. A general space of paths* S is an n-dimensional coordinate 
manifold in which a set of paths is defined by the solutions of 
ue” == Ba, 2’) (6 ‘ (1) 
H'(x, x’) will be assumed to be positively homogeneous of the second 
Senin in x’, and of class C? except at the points (2,0), where it is 
of class C!. It has been shown? that to each point x, of S there exists 
a neighbourhood N(a,) coverable by normal coordinates, and indeed 
an N(x») with the property that there is one and only one path 
joining x, to any point 2 of N(x,) which lies entirely in N(a#,). Such 


n 
a domain of normal coordinates (y) is given by > yy’ < p for 
i=1 


sufficiently small p. Let the mapping of normal coordinates (y) on 


S be given by 
a = '(Xo,y) (2 


where ¢4'(2, 0) iw and the paths issuing from 2, have the equations 
z(t) = 6°(xo, et )(0 <t;€ #0). The functions ¢'(2, y) are defined in 
a domain |at—#t| < a, |y*| <b. They are of class C? in this domain 

* J. Douglas, Annals of Math. 29 (1927-8), 143-68. 

+ This was first shown by J. H. C. Whitehead in his paper, Annals of Math. 
36 (1935), 680-704. See also T. Y. Thomas, Proc. N. A. S. 22 (1936), 309-12; 
also W. Mayer, Lecture Notes on the Calculus of Variations, Princeton, 1935-6, 
and a forthcoming paper by W. Mayer. 
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except at the points (%»,y = 0), and of class C1 without restriction; 
the Jacobian |é¢/éy| is equal to unity at (2, ¥ = 0). 

It is to be noted that two types of normal coordinates exist, one in 
which paths issuing from a point P have linear equations and one 
in which the paths terminating at a point P have linear equations. 
This distinction arises from the fact that, in general, paths are 
oriented, i.e. a path from a point P to a point Q need not be a path 
from Q to P. The lemma to be proved is valid for each type of 
normal coordinates. 

To the equations (2.1) add the equations 


4. ae 
Xv = X% 


The entire set (2) defines a continuous single-valued mapping of a 
neighbourhood of a point (a»,y = 0) in the product space* {x} x {y} 
on a neighbourhood of the point (a9, x9) in the product space* {x} x {x}, 
where (29, y¥ = 0) maps into (x9, 2»). All the functions in (2) are of 
class C1, and the Jacobian, being equal to |é¢/@y|, is equal to unity at 
(2%), y = 0); therefore there exists a neighbourhood V (a, y = 0) and 
a neighbourhood V (2,2) which are in one-to-one correspondence 
under (2). These neighbourhoods will be taken so small that the 
Jacobian does not vanish at any point of them. 

Let U,,(2)) be a sequence of neighbourhoods of x, in the n-dimen- 


m 


sional space S; let U,,(a)) contain U,, ,,(%») and let U,,(2 9) shrink to the 


m 


point a») as m approaches infinity. For all m greater than a certain M,, 
l m(Xq) x l m( Xo) C J (Xp, 2q). 


Let R,, (m > N,) be that map of U,,(a%)x U,,(x%») which lies in 


V(2,y = 0). Let p,, be the least upper bound of ¥ y‘y‘ for all y such 
i=1 


that (2,y)€ R,,; p, is obviously positive, and since R,, is open 
nm 

S y'y' does not attain the value p,, for any (x,y) in R,,. Obviously 
i=1 

p,, is not greater than the diameter d of R,,, d being measured by an 
artificial Euclidean metric in V(x),y = 0) with the aj and y’ taken 
as cartesian coordinates. Hence, from the continuity of the mapping 

of U,,(%) x U,,(%) on R,,, and the fact that the U,,(%)) shrink into 


the point 2», it follows that p,, approaches zero as m approaches 


* These are not symmetric product spaces, but consist of ordered pairs of 


points. 
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n 
infinity. Let S,, be the set of all y such that a y'y' < p,; R,,, then, 


~m 
is contained in U,,(x») xS,,. For all m greater than a certain N, > M,, 
U,,(Xo) X 8, re V (%,y¥ = _— 0). 
U',(%) XS, then, is in one-to-one correspondence with its map in 
V(x9,%). Because of the nature of this mapping (2), the set of 
points (#, y), for fixed ¢ in U,,(a,)) and for any y in S,,, is in one-to-one 
correspondence with a set of points (%, 2) in V(x, x ) with the same 
fixed #; thus for fixed ¢ in U,,(2 ) there is a one-to-one mapping of 
S,, on some neighbourhood of # in S. Hence a spherical domain of 
normal coordinates exists with origin at any point 2 of U,,(x,) and 
r a we . cy ay * 4 : 
with fixed radius p,,. Since U,,(x9) XS, > R,,, the map of U,,(x») xS,, 
contains U,,(2,) x U,,(x»9); therefore this spherical domain of normal 
coordinates covers U,,(x,). We thus have the fundamental lemma: 


To each point P of a general space of paths, S, there exists a neigh- 
bourhood U(P) such that U(P) may be covered by a domain of normal 
coordinates (y) having origin at any point of U(P) and containing all 


nt 
y such that > y'y' < p for a fixed positive p. 
i=1 
2. An application of this theorem will be made in the proof of 


THEOREM 1. Jn a general space of paths S there exists to each point 
? of S a simple convex neighbourhood N(P). 

This interesting theorem was first proved by Whitehead* using 
a rather involved form of existence theorem on ordinary differential 
equations. 

A neighbourhood will be called convex if there exists at least one 
path joining any two points of the neighbourhood and lying entirely 
in it; it will be called simple if there is only one such path. 

Let D(x,) be a domain containing x, and lying in a fixed coordinate 
neighbourhood of 2). Consider a family of hypersurfaces 

Viehb=& (E> 90), 
such that the following properties are satisfied: 
(i) V(x) has continuous second partial derivatives; 
(ii) each hypersurface of the family is a topological sphere con- 
taining 2, in its interior; 
* J.H.C. Whitehead, Quart. J. of Math. (Oxford), 3 (1932), 33-42; 4 (1933), 


226-7. 
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(iii) one and only one hypersurface passes through each point of 
D(x») with the exception of x»; 

(iv) the hypersurface given by k, contains that given by k, if k, 
is greater than k,; 

(v) the hypersurfaces shrink to the point x, as k approaches zero. 


As an example of such a family take 
(2‘—ai)? =k >0. 


Suppose there exists a path 2‘(t) (0 < ¢ < 1) joining R and S, any 
two points of D(a»), and lying entirely in D(x,). Assume V(x) is such 
2Vs i 
that ¢ a >0 along the path z(t) (0<t< 1). V{ax(t)} is a 
dt2 


continuous function defined over a compact set; hence it attains its 


, Oe : F 
maximum on the set. Since "We > 0 along the path, this maximum 


cannot occur for a value of ¢ such that 0 < ¢ < 1, but must occur 
either at R or S. The path 2‘(t) from R to S thus lies inside any 
hypersurface of the family containing both R and 8. 

Consider V{x(t)}, where 2‘(t) (0 < ¢ < 1) is the path joining R to 


S. Then e et Z : 
d?) al o2V da‘ dz! . eV dx 


dt? axtdxi dt dt ' éx' dt?’ 


_ _ i . aly 
d J C J dx dx! ra L'(a, x’), 


dt? @x‘dai dt dt * ex 
since 2' = a(t) are the equations of a path. By the above result, 
if V(a) is a function such that 


ey 


e047 Hy,8 > 0, (3) 


Oat Oa) 


for all 2 inside of some hypersurface V(#) = k and for all € ~ 0, then 
any path RS lying in V(x) = k will lie within any V(x) = k’ < kin 
which both R and S lie. Since the left-hand side of (3) is positive 
homogeneous of the second degree in € we need only require that (3) 


hold for all vectors € for which s gg’ — ], instead of for all €. In 
i=1 


particular it is easily seen that 
n E 5 
V(x) = 2, (2° — 2)? 
rc 
3695.8 ‘ 








146 R. E. TRABER 


will satisfy (3) inside of s (x'—ai)? = k for k sufficiently small. In 
=1 


fact, the first term of (3), for this V(x), is 2 s git — 2 for s égt — 1, 
1=1 i=1 


aT’ 


Since ad = 2(a'—at) and since H‘(x, €) is bounded for x bounded and 
ox" 


nm 
for all € such that > é'€ = 1, the second term may be made less 
i=1 


than the first by taking k sufficiently small. 

Let V(x) = k, be a surface which lies in D(x,) and within which 
(3) holds. By the lemma there exists a neighbourhood U(x») which 
is coverable by a spherical domain of normal coordinates N(x) with 
origin at x in U(2,) and radius p (independent of x). Take U(x,), and 
with it p, so small that N(x) lies in V(x) = k, for any origin x in 
U(x). Take a V(x) = k, < k, which lies in U(x,), and let R and S 
be any two points within V(x) = k,. Then N(R), the spherical 
domain of normal coordinates with origin at R, contains V(x) = k, 
and is contained in V(x) = k,. Now there exists a unique path RS 
joining R to S and lying in N(R), and hence this path lies within 
V(x) = k,. Since (3) holds within V(~) = k,, the path RS lies in any 
hypersurface of the family containing both R and S, i.e., the path 
RS lies in V(x) = k, and thus the interior of V(x) = k, is convex. 
Since it is the only path joining R to S which lies in N(R), and since 
N(R) contains V(x) = ky, it is the only path lying in V(~%) = k&, and 
joining R to 8S. Hence the interior of V(x) = k, is a simple convex 
neighbourhood of 2), and Theorem | is proved. 

Remark. It might be noted that Theorem 1 includes the case of 
extremals in a metric space. Since the path RS above lies in a 
spherical domain of normal coordinates, we see* that in this case we 
have a simple convex neighbourhood not merely with respect to 
extremals but even with respect to minimizing arcs. 


3. A second application of the lemma is to the proof of 


THEOREM 2. Let M be a compact sub-set of a general space of paths 
S which is covered by a fixed set of coordinate systems. Then there exists 
a positive K, dependent on the choice of coordinate systems, such that a 
domain of normal coordinates (y) exists with origin at any point P of 


n 
S and containing all y such that ¥ y'y' < K. 
1 


* Cf. the forthcoming paper by Mayer mentioned above. 
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Suppose this untrue. Then there exists a sequence of numbers 
Pm —> 0 and a sequence of points P,, of M such that it is impossible 
to set up a spherical domain of normal coordinates with origin at the 
mth point P,, and with radius greater than p,,. Since M is compact, 
a subsequence P/, of P,, exists which converges to a limit point P 
of M. But this contradicts the lemma, which states that there is a 
neighbourhood U(P) of the point P and a fixed positive p such that 
a spherical domain of normal coordinates exists with radius p, and 
with origin at any point of U(P). 

It might be noted that the results of this paper are valid for any 
metric space which is such that extremals in it are given as solutions 
of equations of the form of equations (1). 





ON WHITTAKER’S ELECTROMAGNETIC ‘SCALAR 
POTENTIALS’ 
By H. 8. RUSE (Southampton) 
[Received 22 April 1937] 
THIs paper contains a discussion, in the light of special relativity, of a 
remarkable result obtained by E. T. Whittakert in 1904 on the basis of 
the classical electromagnetic theory. His theorem is given in § 1, and 
a more detailed statement of the purpose of this paper appears in § 2. 


1. The classical theorem 
Suppose that at time / a particle of charge e having any prescribed 
motion is at the point P, (%,9,2Z), with respect to a rectangular 
cartesian coordinate-system, and at that instant emits radiation 
which reaches an observer O, (x,y,z), at time ¢. Then 
t = t—r/e, (1.1) 
where r = {(x—x)?+ (y—9g)?+ (z—Z)*}}. 

Let v = (v,, v,,0,) = (d&/dt ) be the velocity of the particle 
at the instant 7, and let r denote the 3-vector PO of components 
(v—#, y—9,z—Z). Then, as is well known,{ the potential at O due 
to the moving particle is given in suitable units by 

ev ec 
cr—r-v" cr—I-v 


> 


where r-v is the scalar product of the vectors r, v, and where 
1 d2 43 
a = (a,,a,,4,) = (¢', ¢”, ¢*) 
is the vector potential and ¢ = ¢* the scalar potential at O (time ¢). 
In the language of relativity, ¢' = (41, ¢?, 6°, 6*) are the components 
of a contravariant 4-vector of the galilean space-time. If the field 
is set up by a number of particles the potential is obtained by sum- 
ming the expressions (1.2) over the whole system. 
Whittaker’s theorem may be stated as follows. If we write 


F —eargtanh ~ 


y—¥ 
G =. earctan” Y 
% = selog{(a—z)*+ (y—9)*} 
+ E. T. Whittaker, Proc. London Math. Soc. (2), 1 (1904), 367-72. 
t See, e.g., J. H. Jeans, Mathematical Theory of Electricity and Magnetism 
(Cambridge, 1923), 575. 








ON WHITTAKER’S ‘SCALAR POTENTIALS’ 


then , _ _ eG eb ) 
_ ..2 
gi 8,2 
da Oy 
_10F , & 


c ot Oz 


Oy Ox 


¢* 





¢ 


4 


where, in performing the partial differentiations, we remember that 


the motion of the particle is prescribed, so that %, 7, Z are known 
functions of #, and hence, by (1.1), of x, y, z, t. The form of the 
function F given by Whittaker is 


F = eargsinh — Bee =» 
© 4(#—a)?+-(g—y)*}# 
which, because of (1.1), is equivalent to that given in (1.3). 
Not the least interesting feature of this result is that the electric 


and magnetic field-strengths 


d=——S_gradg, hh =curla (1.5) 


depend only upon the functions F and G, and not upon ¥; for 
example, 
e2F 1284 ler e@G 
6, = —— 4 — hig = me 
; ox0z =c Cyet ‘ c Oyot = Oxoz 
Consequently the field is determined by the two functions F and G. 
They were called scalar potential functions by the discoverer, although 
the term ‘scalar’ was of course used in a pre-relativistic sense. 
Hereafter we shall suppose the units of charge and velocity so 
chosen that e = 1 and c = 1. 


2. Discussion 

Perhaps the most noticeable feature of the formulae (1.3) for 
F, G, % and of equations (1.4) for a, ¢ is their asymmetry; for 2, y, 
z, t appear in pairs, x going with y and z with ¢, in a manner reminding 
one strongly of Dirac’s equations. It is therefore a matter of some 
interest to investigate the invariantive nature of these formulae, 
and to find whether they can be expressed in terms of ordinary 
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tensors without the introduction of some specially devised calculus 
like that of spinors. It is to this investigation that the remainder of 
this paper is devoted. It is shown that the formulae are in fact ex- 
pressible in terms of ordinary tensors, a result which, though perhaps 
not remarkable in itself, is interesting because of the unusual form 
of the tensorized equations. 

We begin by observing that a set of functions F, G, % belongs to 
every galilean coordinate-system (x) (x, y,z,t); that is, we have, 
in relation to any system (2’) = (2’,y’,z’,t’) obtained by applying 
a Lorentz transformation to the system (x), the set of relations 


OF" aap’ 


7 as ? 
oz’ 


aa’, ap’ 


”? 


dy’ | ex -— e 
in which F’, G’, %’ are the same functions of (x’), (%') as F, G, % are 
of (x), (€), and a’, ¢’ are the components of the vector and scalar 
potential in the new system. Now F’, G’, #’ will obviously depend in 
some way upon F, G, % and upon the Lorentz transformation, but 
it does not follow, and is indeed untrue, that F’, G’, ~’ are the 
respective transforms of F, G, y% when the latter are treated as 
scalars; that is, it is not in general true that F’, G’, %’ are respectively 
equal to F, G, 4. Therefore, we might conclude, Ff’, G, % cannot be 
scalars in the sense of tensor analysis. 

But to reach this conclusion at the present stage is premature, 
for the three functions do in fact appear as scalars in the final 
tensorized form of the theorem. This, however, does not mean that 
they retain their functional form under a Lorentz transformation, but 
merely that, given F, G, % in any one coordinate-system (2), there 
exists in any other system (x’) a set of functions '/, ’G, ‘ys which are 
obtained from F, G, % by the simple substitution of the x’s in terms 
of the 2’’s, and which play a part similar to that played by F, G, % in 
the old system. This elementary point is laboured because it is 
essential that the term ‘scalar’, as used in this paper, should not be 
taken to imply the preservation of functional form as well as the 
numerical invariance that is the essential property of scalars. 

The matter becomes clearer when we make our first tentative 
steps towards the generalization of Whittaker’s theorem. Returning 
to the classical point of view, let f, g denote the 3-vectors of com- 


ponents 
f=(0,0,F), ¢ = (0,0,4@), (2.1) 
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both of which are parallel to the axis of z. Then (1.4) may be written 


a= —curlg +4 + grady 


op (2.2) 
‘ é 
¢@ = —divf a 
Being vector equations, these remain formally unaltered by a change 
of the (x, y, z)-axes to a new rectangular set. But relative to the 
new set, f and g have components (f,, f,,,f.), Je. Gy>G-) With f,.fy,G2Iy 
in general non-zero; that is, they are parallel to one another but not 
to the new z-axis. Now, since the original z-axis may be regarded as 
having an arbitrary direction relative to the new system, it follows 
that in any coordinate-system there is a pair of parallel vectors f, ¢ 
and a corresponding function ¢% associated with every spatial direction, 
and that equations of the form (2.2) hold for each choice of f, g, . 
The original formulae (1.3), (1.4) of Whittaker are merely those appro- 
priate to the case when f and g are both parallel to the axis of z. 
The appearance of six non-zero components of the two 3-vectors 
f, g suggests that the tensor formulation of the result may involve 
a 6-vector. This is actually the case, as we now proceed to show. 


3. The Hertzian tensor 
Let ds* = g,,dx'dx’ (i,j = 1, 2,3, 4) 

define the metric of space-time, for the moment not necessarily flat. 

The electromagnetic field-equations in vacuo may be written 
(F¥); = 0, (3.1) 

0b; od; ‘ 

let * as Dai (3.2) 
($'); = 0, (3.3) 
where F' is the 6-vector of field strength, ¢; is the potential 4-vector, 
and suffixes outside brackets denote covariant differentiations. In 
the case of a flat space-time with galilean coordinates (zx, y, z, t) 


we have “yan (3.4) 
(3.5) 


+ Vector formulae for the field-strengths d, h in terms of f, g are given by 
Whittaker, loc. cit. 
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(i specifying the row and j the column), and 
(43, 62, 6, 6) = (—}b1, —2, —ba $4) = (Aes 4ys 4,4). (3.6) 


By substituting from (3.3) in (3.2) and using (3.4) we get the well- 


knownyt wave equation ($i)i+ Rig, = 0, (3.7) 


R® being the contravariant form of the contracted Riemann- 
Christoffel tensor. Now the divergence-equation (3.3) may be 
satisfied identically by putting 

gi = (2), gE, (3.8) 

: Ox? 

where Z"/ is an arbitrary 6-vector and ¢% any scalar that satisfies the 
partial differential equation 

An$ = 9" (p)i5 = 0. (3.9) 
This is so because (Z'’),; = 0, as is easily proved. Substituting from 
(3.8) in (3.7), we find, after some reduction, that Z’ must satisfy 

(Zk + RG ZH REZ RY ZR}, = 0. (3.10) 

The Riemann-Christoffel tensor R”;; and the contracted tensor R%, 
are of course zero in a flat space-time. 

Z is the Hertzian tensor{ which arises out of the classical theory 
of the Hertzian oscillator. When the metric has the galilean form 
(3.4), the equations (3.8), with 4 = 0 and all the components of Z/ 
zero except Z34 — —Z = II, say, give 


a, Q, a, 


el 
whence — 
Ox0z 
so that II is the potential function customarily introduced§ in the 
theory of the Hertzian doublet with axis along Oz. 
Now consider the form of (3.8) in the galilean case (3.4). If we 
write . 
/ 0 —9- Jy | a 
Zii q- 0 —_ Ix 5, 
—J G9 O f, 
=“ “th -i 
+ A.S. Eddington, Mathematical Theory of Relativity (Cambridge, 1924), 175. 
t W. Gordon, Ann. der Physik, 72 (1923), 443 et seq. Cf. also J. Frenkel, 
Lehrbuch der Elektrodynamik, i (Berlin, 1926), 253. Equations (3.10) above 
may be compared with Gordon’s formulae (128), (113). 
§ See, e.g., R. A. Houston, Introduction to Mathematical Physics (London, 
1912), 151. 


(3.11) 
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and remember that covariant derivatives are now ordinary partial 
derivatives, the equations (3.8), in conjunction with (3.6), become 
precisely (2.2), namely 


a —curlg +5 + grad y, 
Cc. 


, é 
$= avi. 
at 
If further the coordinate-system is chosen so that the f’s and g’s 
are all zero except f, = F and g, = G, say, we have 


‘Oo —G 0 0 
G 0 0 0 
0 oO 0 F 

0 0 —F 0/ 


Z ij 


and (3.8) reduce to the equations (1.4) from which we started. 

The functions + F, +G thus appear as components of a 6-vector 
of which all the other components are zero. This result may seem to 
contradict the assertion made in §2 that F and G are scalars, but 
their scalar nature will be apparent when we have investigated more 
closely the actual form of the tensor Z"’ appropriate to the theory of 
a single charged particle. 


4. The principal null directions of the Hertzian tensor and 
the associated ennuples 


(The work of the present section holds for any space-time, whether 
flat or not.) 
Let A be a principal scalar of the tensor Z"’, so that 


det |Z,;+-Ag;;| = 0. (4.1) 


Then if the four roots of this equation in A are distinct, as we shall 
suppose them to be, two are real and equal in magnitude but opposite 
in sign, while the other two are conjugate pure imaginaries;} we 
assume that none of them is zero. Let +A be the real roots and 
Liu be the imaginary roots, so that A and yw are both real, and let 
é', »', ', C** be four vectors defining the principal directions of the 


+ See H. S. Ruse, Proc. London Math. Soc. 41 (1936), 308, 310. The proof 
there given is for the electromagnetic 6-vector F;;, but holds for any real 


6-vector. 
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tensor Z'/, Then 
(Zij+Agis)&! = 0 
(Z;;—Ag;;)n’ = 0 
(Zi; +tpgij)o? = 0 
(Z,;—tpg,,;)0’* = 0 
It is evident that only the ratios of the four vectors can be deter- 
mined from these equations, that is, their components are in each 
case indeterminate to the extent of a scalar factor. But, since the 
ratios of the é’s and »’s are evidently real, we may suppose their 
factors chosen so that the actual components are real. Likewise it is 
obvious from (4.2) (c) and (d) that we may suppose the respective 
oe of ¢' and ¢'* to be complex conjugates of one another. 
Let (7) denote the inner product €; 7‘ of the vectors €;, y‘, so that 
(En) = (6) - Gi; €' 7’, 
and so for any pair of vectors. Then, multiplying (4.2) (a) by 
summing for j and using the fact that Z’’ is skew, we get A(éé) = 
whence (€£) = 0 because we are assuming A ~ 0. That is, &' is a 
null vector, and similarly 7’, ¢’, ¢* are null. Thus 
(€&) = 0 = (mm) = (CC) = (0%). (4.3) 
It is also easy to prove that 
(€£) = 0 = (&€*) = (nf) = Yule (4.4) 
and thaty (Em) ~ 9, ie) = 
Each of the null vectors is therefore bt: to itself and to 
two of the others, but not to the third. We suppose the scalar factors 


(4.2) 


of ', n' chosen so as to make 


(€) > 0, (4.5) 
and remark that it can be proved either by matrix methods or by 
the theory of spinors{ that the inequality 

(¢c*) << 0 (4.6) 
necessarily holds; that (¢¢*) is real is obvious because ¢'* is the 
complex conjugate of €°. 


+ Ruse, loc. cit., 307. 
t H. 8S. Ruse, Proc. R. S. Edinburgh, 57 (1936-7), 117, equation (8.11). 
In that paper the vectors &, 7, ¢, ¢* bear the same relation to the 6-vector of 
electric and magnetic moment (ibid., § 11) as the present vectors bear to the 
Hertzian tensor. The inequality (4.6) may also be proved directly by reducing 
the matrices Z;;, g,; to canonical forms, a fact which J have verified with the 
kind assistance of Dr. A. C. Aitken. 
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It can further be shown by geometrical or analyticalt methods that 
2 ek ae eid cue 
Oye (C°C/*—C°*). (4.7) 
yr ee 
Now let a, o be arbitrary real scalars, and write 
Jute? ¢n eee 
(Co*)iw2 (oo*)tv2 
OP i te tute 
(&)*v2 (&)'v2 
Then it follows at once from (4.3), (4.4), (4.5), and (4.6) that p’, q’, 
r’, s) are four real mutually orthogonal unit vectors constituting an 


Zi — — 


(4.8) 


orthogonal ennuple, the first three being space-like and the last time- 
like; thus 


(pp) = —1=(qq)= (rr), — (88s) = 1, 
and (pq), (pr), (ps), (gr), (gs), (rs) are all zero. Also from (4.8) it 
follows that 
pig—q'p! = —i(citi*—L'*0/)/(Ce*), 
r'g!—s'r] = (&'! —'')/(En), 
so that, by (4.7),§ 
Zi = —X(risi—s'r')+ p(p'gi—qp’). (4.9) 
Suppose now that the tensor Z at the world-point (zx*) is referred 
to the local galilean system of axes defined by the ennuple (p, q,7, 8). 
If we use a, b, c for ennuplet (scalar) suffixes and write 
hit = (hi,..., 44) = (p',g', r*, 8°) ) 
h¢ = (hi,...,ht) = (—pi, —i. —1 i 8) .’ 
so that he hi = 8, (4.11) 
then the ennuplet (galilean) components of Z at (x‘) are 
Ze» = Ziine he 
= {—A(h§ hi —hi,h})+-p(hi hg—hi hi)hth? by (4.9) and (4.10) 
= —N(84 84-8482) + (8738482) by (4.11), 
that is, 0 0 


(4.10) 


— 0 
Zw == ad ' 
0 —A 


0 90 0 


+ H.S. Ruse, Proc. London Math. Soc. 41 (1936), 309 and 310, (4.16). 

t J. L. Synge, Univ. of Toronto Studies, Applied Math. Series, No. 1 (1935), 
44, (9.15). 

§ Cf. J. A. Schouten, Der Ricci-Kalkiil (Berlin, 1924), 49, equation (132). 
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If this is compared with (3.12), namely 

0 —G4 0 

G 0 0 

0 0 0 

0 0 —F 
it is evident that the two matrices are the same, provided that 
A= —F,p= —G. 

It now appears, therefore, that + F and +7@ are the principal 

scalars of the Hertzian tensor, and we are at last in a position to give 
a fully tensorized version of Whittaker’s theorem. 


5. The 4-potential of a charged particle 

Let the metric of space-time, which we assume hereafter to be 
flat, be given in terms of any real coordinates x‘ by the usual formula 
ds? = g,,dx'dx’. (5.1) 

When the coordinates are galilean this has the form 
ds? = —dx?—dy?—dz*+ dé. (5.2) 
Suppose that the ‘past’ sheet of the null cone of an observer O at 
the world-point (z‘) intersects the world-line of a particle of unit 
charge at P, (%'), so that the z are the coordinates of the particle 
at the instant when radiation left it to reach the observer at (2°). 
If the #' are expressed as functions of the proper-time 7 of the 


particle, we have zi — zi (5.3) 


and dr? = g,,dx'dz'. (5.4) 


Let s be the geodesic (rectilinear 4-dimensional) distance PO, 


and write Q = 4s? (5.5) 


Then Q is a scalar function of the x’s and #’s, and the fact that the 
points P, O are on the same null geodesic may be written 

Q = 0. (5.6) 

Substitution from (5.3) in (5.6) gives an equation for tr which may be 

solved to give 7 as a function of the x’, say 

¢ = ¢(2*). (5.7) 

The equations (5.3), (5.7) together give the #’s as functions of the 2’s. 

Let Q; = — (5.8) 


where the vertical stroke following the suffix indicates that the partial 
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differentiation with respect to x is in the strict sense, i.e., with the 
&’s kept constant as well as the other x’s. The proper partial deriva- 
tive is wn) ast 
: CQ ex 
Q; ie Q; +—= as 
ox! ox" 
and is zero by (5.6). We note in passing that, when the coordinates 
are galilean, 
OQ = H—(x—#)*—(y—9)?— (22)? + (t—8)9, 
Q, = —(z—2Z), 


Now let (p',q',r‘, s‘) be a real orthogonal ennuple at the observer’s 
world-point (x') such that 
(p'); =0= (q'); = (r*); = (s‘);, (5.9) 
the four vectors being arbitrary but for this restriction, which may be 
imposed because the Riemann-Christoffel tensor is zero in a flat 
space-time and equations (5.9) are therefore completely integrable. 
In general the components of p*‘, q‘, r‘, s‘ are functions of the 2‘, but 
in a galilean system they are all constants because the covariant 
derivatives in (5.9) are then ordinary partial derivatives. 
Further, write 
F = argtanh(r*Q,,/s'Q,) 
G = arctan(¢*Q,,/p'Q,) (5.10) 
& = dlog{(p*Q,.)?+ (¢*Q,,)?} 
where the index 2 in the third formula denotes the square. It is 
evident that F’, G, % are all scalars for transformations of coordinates. 
The tensor form of Whittaker’s theorem may now be stated as 
follows: 
The 4-potential ¢' of the particle at the world-point P(x‘), as measured 
by an observer O at (x*) on the null cone of P, is 


$i = (Zit), — git (5.11) 


Ox! 


where Zi = F(risi—s'r')—G(p'¢ —q'p'). (5.12) 
The partial derivatives of Z” and ¢ in (5.11) are to be understood in 
the proper sense, that is, with the #’s treated as functions of the 
x's. The only strict partial derivative appearing in the theorem is in 
fact the one mentioned above, namely Q,;. 

The theorem can be proved directly by substituting from (5.12) 
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in (5.11), using (5.9), and performing the covariant differentiations 
required by (5.11). In the course of the proof, which we omit because 
it is straightforward but long and uninteresting, it is necessary to 
use the fact that Q satisfiest the partial differential equations 


In this way we obtain ultimately 


where the partial differentiation with respect to x is strict,t and this 
is the correct formula for the potential of a particle of unit charge in 
a flat space-time.§ 


6. Comments 

Consider the case when the coordinates are galilean and the 
vectors (p‘,g',r',s') are chosen parallel to the axes of x, y, z, t re- 
spectively. Then 


(1,0, 0, 0) = 

= (0,1, 0,0) = 8 
( ) = 
( )= 5 


0,0,1,0 
0,0, 0,1 
so that, by (5.8)’, 
pFQ,, —(x—Z), .., .., SQ, = tt, 
and consequently 
F = —argtanh oe ; G = arctan?—4 
—i a—z |. (6.2) 
= plog{(x—z)?+(y—g)?} 
It follows at once that the general theorem of § 5 reduces to the 
classical theorem from which we started. 


A 
ww 


When the vectors of the ennuple are not taken parallel to the 
coordinate-axes the functions F’, G, % have a less simple form than 
in (6.2). In general they involve six constant parameters correspond- 


+ H. 8. Ruse, Proc. London Math. Soc. 31 (1930), 225, 226, where the 
function represented by Q is twice that of the present paper. 

{ If the partial differentiation were not strict, (5.14) would be obviously 
wrong because ¢; would then be the gradient of the scalar 0Q/0r. 

§ H.S. Ruse, Quart. J. of Math. (Oxford), 1 (1930), 154. 
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ing to the six degrees of freedom of the ennuple. To take an example, 
suppose that the vectors p*, g‘ in (6.1) are rotated through an angle a 
about the plane of r*, s‘. We obtain 

p' = (cosa, sin x, 0, 0), 

q' = (—sina, cos «, 0, 0), 

yt = oe = 3, 

which involve the single constant a. Substitution of these values in 
the general formula give F, G,%, Z” in a less simple form than in the 
original theorem, but not, of course, in their most general form. 

The possibility of rotating the ennuple as well as transforming the 
coordinates explains the curious circumstance, noted in § 2, that in 
any galilean system there is a pair of parallel 3-vectors f, § associated 
with every spatial direction. The functions F, G, % are scalars for 
transformations of coordinates, but have a more elaborate law of 
transformation for rotations of the ennuple. It is now evident that 
they preserve their functional form under a Lorentz transformation, 
i.e., under a rotation of the coordinate-axes, if and only if the 
ennuple is also rotated so that its orientation relative to the rotated 
axes is the same.as its original orientation relative to the unrotated 
axes. In the classical theorem of Whittaker the arms of the ennuple 
are parallel to the coordinate-axes, and must be kept so if the 
functional form of F, G, % is to be preserved under Lorentz trans- 
formations. 

Had the unproved general theorem been stated without the pre- 
liminary work of §§ 2—4, its dependence upon the largely arbitrary 
selection of an orthogonal ennuple might have caused surprise or 
even scepticism. But once it is established that Whittaker’s formula 
for the 4-potential involves the Hertzian 6-vector, the appearance 
of an ennuple may be expected because, as we have seen, the intro- 
duction of a general 6-vector into space-time requires the explicit or 
implicit specification of a set of four null vectors, or, equivalently, 
of an orthogonal ennuple; and, as there is manifestly no such set of 
null vectors intrinsically connected with a physical configuration 
consisting of a single particle and a single observer, it may also be 

- foreseen that there will be a considerable degree of arbitrariness in 


+ Equivalently in the sense that to be given the ennuple is to be given the 
directions of the null vectors, which, by (4.8), are proportional to n+s), 


p’ iq’. 
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the selection of the ennuple. That the Hertzian tensor appears at 


all in this connexion is of some interest, especially if it be remem- 
bered that one classical method of obtaining the 4-potential of a 
moving point-charge is to reduce the problem to that of finding the 
4-potential of a stationary doublet plus a stationary point-charge.+ 

+ Cf. J. Larmor, Phil. Mag. 44 (1897), 508, §9 [reprinted in Larmor’s 


Mathematical and Physical Papers, ii (Cambridge, 1929), 145, and in his 
Aether and Matter (Cambridge, 1900), 221}. 
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